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ABSTRACT:

In a graph theory we have use basis of the group like abelian group and subgroup for
intersection and complete. We characterize certain classes of subgroup intersection graphs are
complete. We check all its solvable groups whose intersection graphs are complete. Surrounded
the other results, we analysis all abelian groups whose intersection graphs are complete. Finally,
we study the intersection graphs of cyclic groups. In this section, we study the groups whose

intersection graphs are complete.
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1.PRELIMINARIES

Definition 1.1.
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Let G be a group. The intersection graph of G, I'(G) is a graph whose vertices are all
non trivial proper subgroups of G and two distinct vertices H and K are adjacent if and only if

HNK #1.

Suppose that H and K are two subgroups of G. We say that G is the semi-direct product of H

and K, written G = HK if G = HK, HNK=1, and H is normal in G.

The center of G is denoted by Z (G).

Definition 1.2.

An abelian group G is said to be divisible,

If nG = {ng: ge G} =G for every positive integer n.

Notation 1.3.

For a fixed prime p, the quasi-cyclic p-group is denoted by Z (p).

For positive integers m>2 and n>3,

Zm and Q2" denoted the group of integers modulo m and the generalized quaternion group of

order 2™ respectively.

Let I" be a graph. The complement of I' is denoted by I'.

The set of vertices and the set of edges of I" are denoted by V (I') and E (I') respectively.
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Definition 1.4.

A subgroup o of I is called a spanning subgraph if V (Q) = V(I).

We denoted by deg (v), the degree of vertex vin I

Definition 1.5.

The girth of T, denoted by gr (I'), is the length of its shortest cycle

(gr I') = oo (if T" has no cycles).

Definition 1.6.

An independent set S € V (I') is a set whose no two vertices are adjacent. The

independent number of T is denoted by a (I) is the cardinality of the largest independent set.

Definition 1.7.

A T'- freegraph is a graph which does not contain in I" as a subgraph.

Definition 1.8.

A null graph is a graph with no edges and a star graph is a graph with a vertex

adjacent to all other vertices and there is no extra edge.

A star with n edges is denoted by Kin.
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Definition 1.9.

We denoted the complete graph and the path is denoted by I'U Q.

The join of " and Q, I' v Q is the graph obtained from the disjoint union I'U Q by adding the

edges {xy :x € V(I'),y € V(IN)}.

Notation 1.10.

In this paper, We show that gr (I'(G)) € {3, «}.

We characterize all solvable groups whose intersection graphs are triangle-free.

Moreover we so that if G is finite and I" (G) is triangle-free, then G is solvable.

Also, we prove that if T' (G) is a triangle-free graph, then it is a disjoint union of some stars.

Among other results, we classify all abelian group whose intersection graphs are complete.

The intersection graph of a finite cyclic group will be studied in the last section.

We show that if n = (p1)" ... (pk)"kand m = (qu)™ ... (q)™, where piand g;j are distinct

Primes and ni and mj are positive integers.

Then I'(Zn) = I'(Zm ) if and only if k = t and there is a permutation 7 such that ni = mx() for

i=1..k
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Definition 1.11.

A non empty set G together with a binary operation *: GX G — G is called a group if

the following conditions are satisfied

1) =isclosure foralla,be G, ab € G.

2) = isassociative ie, ax(b* c) = (axb) * c for all a,b,c €G.

3) There exists an element eeG such that a* e = exa =a for all a€G,
e is called the identity element of G.
4) For any element a in G there exists an element a’ €G such that

axa =a *a=e, a is called the inverse of a.
Example :
Z, Q, R and C are groups under usual addition.
Definition 1.12.

Given a group G under a binary operation * a subset H of G is called a subgroup of

G if His also forms a group under the operation .

Example :
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The even integers are a subgroup of the additive group of integers.

Definition 1. 13.

A proper subgroup of a group G is a subgroup H which is a Proper subset of G (i.e.,

H= G). This is usually represented notationally by H<G read as H is a proper subgroup of G.

Definition 1. 14.

An abelian group is a set G combined with a binary operation * :G X G =G ie, *

takes the elements of G and returns an element of G satisfies the following properties.
Group axioms :
1) Associativity : For any x, y € G the relation
(xxy)*z = xx(y*2).

2) ldentity there exists an element eeG such that exx = xxe =x for any Xxe G, e is
called identity element of G.

3) Inverse : For any XeG there exists yeG such that x+y =e =y=x, y is called an
inverse of x.

4) Closure : For any x ,y €G the relation xxyeG.

5) Commutative : For any X, y €G the relation xxy =y*X.
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A group G is said to be abelian if ab = ba for all 3, b € G.

Example :

Z, Q, R and C usual addition are abelian groups.

Definition 1. 15.

A finite abelian group is a graph satisfying the following equivalent.

Example :

1) It is both finite and abelian.

2) It is isomorphic to a direct product of finitely many finite cyclic group.
3) It is isomorphic to a direct product of abelian group of prime power order.

4) It is isomorphic to a direct product of cyclic groups of prime power order.

Z15 can be expressed as the direct sum of two cyclic subgroups of two cyclic

subgroups of order 3 and 5.

Z15= {0,510} & {0,3,6,9,12}.

The same can be said for any abelian group of order 15, leading to the remarkable conclusion

that all abelian groups of order 15 are isomorphic.

Definition 1. 16.
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Given any group G, the group consisting of only the identity element is a subgroup of

G and being the trivial group is called the trivial subgroup of G.
The term when referred to

"G has no non trivial proper subgroup™ refers to the only subgroup of G being the

trivial group {e} and the group G itself.
Definition 1. 17.

A graph in which any two distinct points are adjacent is called a complete graph.
Example :

Ks is called a triangle.

Ks

The complete graph with p points is denoted by Kp

GROUPS WHOSE INTERSECTION GRAPHS ARE COMPLETE
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Theorem 2.1.

Let G be a finite graph. Then I'(G) is a complete graph if and only if
G is isomorphic to Zp", for some prime number p and some integer n = 2 or Q2" for some

Integer n> 3.

Proof .

If T'(G) is complete, then it is clear G is a p group for some prime number p.
Also, G contains a unique subgroup of order subgroup of order p.
So, by cyclic or generalized quaternion, the other side is obvious.
There are rather exotic infinite non- abelian groups whose intersection graph are complete
graph.
For intersection see extended Parski groups.
We know that, For every finite cyclic group of order n, for each divisor d of n there exists

a unique subgroup of order d.
Example 2.2.

Consider the cyclic group of order 32 (ie , Z32).
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Soln.
Z32 has 4 proper subgroups as follows:
Hi={0,2,4...30},
H2= {0, 4,8 ...32},
Hs= {0, 8, 16, 24},
H4 = {0, 16}. Hi1
Ha H2
Hs
Zis
Theorem 2.3.

Let G be an abelian group. Then I'(G) is a complete graph, if and only if G is

isomorphic to a subgroup of Q or Z(p %), for some prime number p.

Proof.
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Assume that I' (G) is a complete graph.
If G is finite, then by theorem, G is a cyclic p group, for some prime number p.
Now, suppose that G is infinite.
First suppose that G is a torsion-free group.
Let0 #x € G.
Since I'(G) is a complete graph,
So<x>N<y>=*0,foreach0#yeG.
Thus there two non zero integers m and n such that mx = ny.

So we have the monomorphism @ : G— Q with @ (0) = 0 and @ (y) :% for 0+ ye G.

Therefore G is isomorphism to a subgroup of Q.

Suppose there is an element 0 # x€ G such that x has a finite order.

Again, since I" (G) is a complete graph <X >N <y > #0, foreach0 =y € G.
Hence G is a torsion group.

Clearly, G is a p-group.

If H is a finite subgroup of G, Then H =Zp" or I (G) is complete and by theorem, we have
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H = Zp" for some n> 1.

Let H and K be two subgroups of G and |H| and |K].

Then HK is cyclic and H = K.

Now, G is infinite and torsion, we conclude that Z," < G, for each positive integer n.
We claim that, G is a divisible group.

Let n, m be two positive integers.

Assume n = p* p1*1 ... pc* , where p1 ,..., pk are distinct primes and o, o1, ..., ak = 0.
Since n Zp™™ = Zp™,

So nG = G and the claim is proved.

Thus, by theorem, G = Z(P*).

Since, there is a unique subgroup of order p.

The other side is clear.

Hence the proof.
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