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Abstract:

Supply chain and logistics activities are the most important sources of carbon
emission and environmental pollutions. These issues have increased concerns to reduce
carbon dioxide emissions amount through the development of an inventory model. A green
inventory model focuses on carbon cap-and-trade mechanism which is used to lower carbon
emission. This paper develops fuzzy optimal total cost function and fuzzy production
quantity using trapezoidal numbers and applying Lagrangian method. A numerical example
follows to justify the solution procedure.
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1. Introduction

Business activities can pose a major threat to the environment in terms of carbon
monoxide emissions, discarded packaging materials, scrapped toxic materials, traffic
congestion and other forms of industries pollution. Research on carbon emission management
is becoming a significance part of the green supply chain as more business maintain to make
it part of their business strategy, amid pressures from customer, competitors and regulatory
agencies. Carbon emission trading is efficient way to diminish carbon emission in which
mandatory limit or cap is set on carbon emission over a specific time period and a total
number of permits or carbon credits are allocated to firms by regulating institutions. Green
manufacturing is a production process which converts into output by reducing hazardous
substances, increasing energy efficiency in lighting and heating, minimizing waste, actively
designing and redesigning green processes.

The economic order quantity (EOQ) can be traced back to Harris. Benjaafar et al and
chen et al developed EOQ like models, subject to the quantity of carbon emission. Their
findings provided insight on business decisions while considered the minimization of carbon
emission. Hua et al presented a mathematical model that includes the carbon emission cost
through a cap-and-trade system under the assumption that carbon emission from logistics and
warehouse is linear with order quantity. The authors also investigated the impacts of carbon
cap-and-trade system on operational order decisions, carbon emissions and total cost.

Inspired by the above mentioned works in this paper, we have considered trapezoidal
fuzzy numbers and optimization method is carried out by Lagrangian method. For
defuzzifying the total cost graded mean integration method has been applied. Finally,
numerical example is illustrated.
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2. Preliminaries
2.1 Definitions

Definition 2.1.1

A fuzzy set @ in a universe of discourse X is characterized by a membership function
Uz (x) that maps each element x in X to a real number in the interval [0,1]. The function
value p;(x) is termed the grade of membership of x in @. The nearer the value of u;(x) to
unity, the higher the grade of membership of xin 4.

Definition 2.1.2

A fuzzy set A defined on the set of real numbers R, is said to be a fuzzy
number if its membership function p;: R — [0,1] as the following characteristics,

(i) A'is fuzzy convex
(ii) 4 is normal
(iii) Ais piecewise continuous
Definition 2.1.3

A fuzzy set A, membership function p; that maps each element in X to a real number
in the interval [0,1]. A trapezoidal fuzzy number is represented byd = {a; a, a3, a,},
where a4, a,, a3, a, are real numbers and its membership function is given below.

0 ( for x<a

xX—a
Lfora, < x < a,
a—a;
wi(x) = 1 & a, <x<a;

a,—x

fora; < x Ja,

a4__a3
0 for \x >aq,

2.2 Extension of the Lagrangian method

Solving a nonlinear programming problem by obtaining the optimum solution was
discussed by Taha with equality constraints, also by solving those inequality constraints using
Lagrangian method.

Suppose if the problem is given as

min y=f(x)

subject to g:(x)=0, i=1,2,3,...m.

The constraints are non-negative say x=0 if included in the m constraints. Then the procedure
of the extension of the Lagrangian method will involve the following steps.

Step 1: Solve the unconstrained problem min y=f(x)

If the resultin optimum satisfies all the constraints, then stop since all the constraints are
inessential or else set k =1 and move to step 2.

Step 2: Activate any k constraints (i.e., convert them into equalities) and optimize f(X)
subject to the k active constraints by the Lagrangian method. If the resulting solution is
feasible with respect to the remaining constraints, we shall repeat the steps. If all sets of
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active constraints taken k at a time are considered without confront a feasible solution, go to
step 3.
Step 3:1f k = m, stop; there’s no feasible solution, otherwise set k = k+1 and go to step 2.

2.3 Graded Mean integration representation method

Graded mean integration representation method was introduced by chen and Hsieh
based on the integral value of graded mean h-level of generalized fuzzy number for

defuzzifying generalized fuzzy number. First we define a generalized fuzzy number as
follows:

A = (a11 ay, a,, a4) LR

By graded mean integration are the inverses of L and R areL™" and R respectively.
The graded mean h-level value of the generalized fuzzy number A=(a,, a,,a;a,),5 is given

by g[L‘l(h)+R‘1(h)]. Then the graded mean integration representation of P(A) with grade

Wa

jﬂ[t%hy+R4mndh
then P(A) =2 2

where O<h<w,and O<w, <1.

Wa

hdh
J

In this paper, we have used trapezoidal fuzzy numbers as fuzzy parameters for the
production inventory model. LetB= (b,,b,,b,,b,). Then the graded mean integration
representation is given by the formula as

[21b,+b,)+ht, -t b, +b)]ch
P(B):02 -
[ hah
P(B) = b, +2b, J(;2b3)+b4

3. Assumptions and Notations
The model is developed on the following assumptions and notations.

3.1 Notations

Annual demand

Order quantity per cycle

Order cost per cycle

Carbon emission price

Carbon emission quantity for order per cycle

Setup cost

Carbon emission from setup

Number of times the order is produced

M anufacturing cost
c Carbon emission from manufacturing
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C, Screening cost
LCA(T) Life cycle assessment technology cost
h Inventory holding cost per unit time

h Carbon emission gquantity from inventory holding
Production rate
Inventory holding cost per unit time and quantity for manufacturer

Carbon emission quantity from inventory holding for manufacturer

Labour cost for packing per parcel

The cost of material used for packing per parcel
Number of parcels

Fixed cost pertrip

Variable cost per unit transported per distance travelled
Distance travelled

Proportion of demand returned
Social cost from vehicle emission

Average velocity
Fixed cost per waste disposal activity
7 Cost to dispose waste to the environment

0 Proportion of waste produced per lot

a Cap of carbon emission for the retailer
B Cap of carbon emission for the manufacturing industry
Ry Revenue earned due to LCA

r

rc

<©><Q—3_Z|__03333-U

A

3.2 Assumptions

1. Life cycle assessment (LCA) approach is used for assessing products
environmental impacts.

2. The units transported are finally packed in parcels.

3. Waste management focuses on source reduction, pollution prevention and disposal.

4. The materials converted using LCA technology are reused as raw materials in
manufacturing.

5. For retailer and manufacturer, the carbon emission quantities obey EOQ and EPQ
assumptions, respectively.

6. Eco-friendly materials are used for packaging.

4. Mathematical Model
4.1 Crisp Model

For the retailer manufacturer system under a carbon cap-and-trade mechanism with
green inventory model comprises of green procurement cost, green setup cost, green
manufacturing cost, holding cost, screening cost, green distribution cost, green logistics cost,
cap and trade, waste produced by the inventory system, life cycle assessment technology cost.

TC(Q) :g[(A+ C,Ab)+(S +rC]380 )+ (M +CM_)+C,+LCA(T)+2 +$+y/0 +(p+L)N]
+21(h, +Ch,)+(n@+2)-D(h, + Ch, )+ TV ey,
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—Cla+p)-Ry

TC(Q):%[AJrM +(p+L)N + H]+%[a+(n(1+%)_1)b]+ md(l+X)|;W(9+X)

S+CS,
n

)+CM +C,+LCA(T)+2 +¥+wo

Where H =CA; +(

a=h +Ch,
b=nh,+Ch,
In order to find the optimal order quantity the above equation is differential with respect to Q

and equated to zero.
The optimal order quantity is derived as

«_ |D[A+M +(p+L)N +H]
Q= 1 D
E[a+(n(1+F)—1)b]

4.2 Fuzzy Model
The total inventory cost is

TC(Q):g[AJr M +(p+L)N +H]+%[a+(n(1+%)—1)b]+ md 1+ X);"’(QH) _Cla+ B)-R,

Suppose

Q = (Ql’QZ’QS’ Q4)

D = (Dl’ Dz' D3’ D4)

A= (A17A2:A31A4)

M = (M1v Mz’Msv M4)

ﬁ: (plv P2: Pas p4)

E = (Ll’ Lz’l—s’ I—4)

TCQ ~5{ A M, (Pt LN+ Hl+ Sa (s )-8+ oY e )R, )
+2[% [A +M,+(p, +L)N+H] +% [a+(n(1+%) D4 ”d(1+x)|;"’(9+x)—<:(a+ A-R]
+2[% [A+M, +(p, + LN+ H]+£2g [a+(n(l %)—1)b] = md(l“);"’(@*x) Cla+f-R]
EQIAM (R LN +H) Sl 0042) - 5 )R

Partially differentiating with respect to Q and equating to zero,
[D,(A+M,;+pN+LN+H)+2D,(A +M, + p,N+L,N+ H)
+2D,(A+M;+p,N+LN+H)+D, (A, +M, + p,N +L,N+H)]

[% @ +(n(1+%) —1)b)+ (a+ (n(l+ %) —1)b)

H(a+(nl+ %) _1)b) +%(a+ (n(L+ %) —1)b)]
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TO= SR A +My (B N+ HI 2o (1301 PP Y0 Clr )R]
+2[%[A2+M2+(p2+L2)N +H]+%[a+(n(1+%)—1)b]+ md(1+x)+3"’(9+x)—c:(a+ B)-R\]
+2[Q%[A3 +M,+(py + LN +H]+% [a+(n(1+%)-])b]+md(“x)gz"’w”) —Cla+p)-R,]

%[A4+ M, +(p, + LN +H]+%[a+(n(l+%)—1)b]+md(1+x)J:W(0+X)—C(a+ BH-RI}

Solving the non-constraint problem, now we partially differentiating with respect to Q,,Q,,
Q,,Q, respectively,

oc 1.1 D, D,
20, ~5lp @ (N5 ~0) ~ (A + My +(py + LON +H)]
Letting ac =0

D4(A4+M4+(p4+ LA)N +H)
Ql_J 1 D
E(a+(n(1+Fl)—l)b)

Letting ac =0

2

oTc 1 D, 2D, B
20, ~gla+ (W+ ) ~DB) -~ (A Myt (py LN+ H)] =0
0 _\/ZDS(Az+M3+(p3+L3)N+H)

(a+(n(l+%)—1)b)

Jarc 1 D, 2D,
2 = al@+ (s ) =DB) % (A + My (P, + LN +H)]
Letting are =0

Q.- 2D2(A2+M2+(p2+ L2)N +H)
3 (a+(n(l+%)—1)b)

Jac 1.1 D, D,
20, =E[§(a+(n(1+3)—1)b)—Q—f(Al+'V'1+(p1+L1)N +H)]
Letting ac =0

4

3 D,(A+M, +(p,+L)N+H)
Q.= 1 D,
E(a+ (n(1+ F)_l)b)
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The above results showthatQ, >Q, >Q,>Q,, but contrastingly we have

0<0Q,£Q,<Q,<Q,. Hence W and set k = 1 and we convert the inequality constraint by
optimizing the total cost subject to Lagrangian method subject toQ, —Q, =0.

TC(Q,Q2Q;,Q,,4)=TC(Q) -A(Q, - Q)

Now taking the partial derivatives with respect to Q,,Q,,Q,,Q,and Aand the minimize
TC(Q1;Q21Q31Q4,/1) , We have

orc 0
R,
Jac 1.1 D, D, B
Q) :E[E(a+(n(1+F)—1)b)—Q—12(A4+M4+(p4+L4)N+H)]+l_0
orc 0
0Q,
Jarc 1 D, 2D, 3
70, ~glar (1420 = D)~ (A + My (pr LN+ H)] =2.=0
orc 0
0Q,
Jarc 1 D, 2D, B
30, ~gla+ (e ) ~1)= (A + M, +(p, + LN+ H)] =0
orc 0
oQ,
Jgc 1.1 D, D, 3
20, =g[§(a+(n(1+?)—1)b)—Q—f(A1+'V'1+(|O1+L1)N +H)]=0
orc
ﬁ_l:_(Qz_Ql)

Dy(A+ M, + (P, +L,)N+H)+2D; (A + M, + (p; + ;)N + H)
Q=Q,= 1 D D

E(a+(n(1+31)—1)b)+(a+(n(1+F2)—1)b)

Q.- 2D,(A,+M,+(p,+L,)N +H)
3 (a+(n(1+%)—1)b)

_ |ID(A+M, +(p,+L)N+H)
Q.= 1 D
= 1+=)-1b
> @+ (n(1+ 24 ~Db)
Now converting the inequality constraints Q,—-Q >0and Q,—-Q,>0 into equality
constraints Q,—Q, =0 andQ,-Q, =0.

OptimiZing TC(Ql’QZ’QS'QA’j’l’A‘Z) :TC(Q) - ji(QZ _Ql)_/lz(Q3 _Qz)
orc

0
,
orc 1.1 D, D, ~
T 5Lz @+ (1) -DB) G (A M. (P LN+ H)J+ 4 =0
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arc

0Q,

arc aTC 1 D,

5Q2 8Q _6 (n(1+ ) 1)b)— 2 (A3+M +(p; +LI)N+H)]-4 +4,=0
orc

oQ,

oarc 1
oQ, 6
arc

Q,

arc 1.1

D4 Dl —
20 3l @ (N5 -DD) - o (A M. (B + LN +H)] =0

A DA +M+(p, +LIN+H)+2D,(A+M, +(p +LIN+H)+2D,(A +M, +(p, +L)N+H)
q_QZ_Q_ 1 q D2 Q
3 (@a+(n(L+ F) -b) +(@+ (n(l+F) =) +(a+(n(1+$) -1)b)

(A2+M +(p,+L)N+H)]-4,=0

QZ

B Dl(A1+M1+(pl+ Ll)N+H)
Q4 - 1 D4
E(a+ (n(L+ ?)—1)b)

Again converting the inequality constraintsQ,-Q, >0, Q;-Q,>0 and Q,-Q,>0 into
equality constraints by Q,-Q =0, Q;-Q,=0 and Q,-Q, =0using Lagrangian method.
The Lagrangian function is glven by

TC(Ql’szQS’QMAi’/Iz' ﬂ‘a) :TC(Q)_ A(Qz _Ql) _}’z(Qa _Qz) - As(Q4_ Qs)

orc

Q,

Jarc 1.1 D, D

20, 6@ (N5 D)~ (A + My (P + LN+ H)]+ 2 =0

orc
0qQ,
arc 1
oQ, 6
orc
oQ,
arc 1
0Q, 6 Q3
orc

0Q,

orc

aQ, _6 2@

+LI)N+H)]-4,+4, =0

2(A2+M +(p,+L)N+H)]-4,+4, =0

12 (A +M;+(p +L)IN +H)] -4, =0
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orc
oA, =—(Q,-Q)
orc
oA, =-(Q,-Q,)
orc
613 =_(Q4_Q3)
D, (A +M, +(p, + LN + H) + 2D, (A, + My + (p; + L )N + H)
0.-0,-0.-0, = |T20(A M, +(p, + L)N+H)+D (A +M, +(p+ )N +H)

%(a +(n (1+%)—1)b)+ (@+(n@+ %)—1)b)

L(a+(n(+ %)—1)b) +%(a+ (n(L+ %) _1)b)

Therefore Q =(Q,,Q,,Q,,Q,) satisfies all the inequality constraints and we obtain the
optimum solution for the problems.

LetQ,=Q,=Q,=0Q, = Q" . Then optimal fuzzy EOQ is given by
D,(A,+M,+(p,+L)N+H)+2D;(A +M;+(p, + ;)N +H)

+2D,(A, +M, +(p, +L)N+H)+ D(A+M +(p,+L)N+H)

1 D, D,y
E(a+(n(1+F) Db)+(a+ (n(1+ P) 1)b)

Ha+(n(L+ %) ~1)b)+ % (a+(n(+ %) _1)b)

5. Numerical HNlustration

Consider the following data

D 60000 C, 02 X 0.2
P 80000 LCA(T) 0.25 g 0.5

A 200 h 038 \ 180
C 0.2 h, 2 v, 1

A. 400 h., 1 v 0.8
S 800 L 2 0 0.5
Sc 400 N 600 a 8000
n 1 I 50 i} 6000
M 300 m 5 Ry 200
M. 400 d 250 h, 0.4
p 0.3

Crisp model:

The optimal order quantity Q" =12069 units

Fuzzy model:
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The optimal order quantity Q" =14648 units

6. Conclusion:

In this paper a green inventory model with cap and trade mechanism is presented. The
notations are taken as trapezoidal fuzzy numbers, Lagrangian method has been applied and
defuzzification has been done by graded mean representation method. The firm and society
are benefited by using this green inventory model. This model helps the firm to improve
productivity since it uses natural light and ventilation. This model helps in creating healthier
environments which leads to less toxins and cleaner air with less hazardous production
processes.
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