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The quasi-harmonic approximation (QHA) method is an elegant technique and takes reasonably less 

computational time.  For more than three decades QHA is being used successfully to compute properties 

such as thermal expansion, bulk modulus, specific heat, enthalpy of mixing and many other 

thermodynamic related properties.  It is also used to estimate transport properties and phase transitions 

and also to explain negative thermal expansions.  The mechanical properties of solids which are used to 

measure strength, hardness, and stability can be studied with QHA. QHA requires multiple phonon 

calculations which makes it inefficient to compute properties for large numbers of materials particularly 

in high-throughput material design. In order to make it more efficient in terms of computational time, 

some accelerated techniques have been developed.  Along with the strengths, this review also addresses 

limitations of QHA. 

 

INTRODUCTION: 

The thermodynamic properties of materials are being used to design and engineer new materials 

[1, 2].  It can be computed in various ways, among them ab-initio molecular dynamics [3–5] and 

exciting atoms in supercell lattice dynamic methods [6–8] are the most trusted techniques. 

However, these are very time-consuming. The ab-initio quasi-harmonic Debye approach [9–11] 

is a faster method and the computed results match quite well with experiments, mostly for the 

monoatomic crystals. The QHA is an intermediate technique that doesn’t take very large 

computational time and can be applied to all kinds of materials and predicted results fall in line 

with the experiments.  Here, in thisarticle,we are reviewing the variety of works that have been 

performed both with QHA and accelerated QHA. 

In QHA, the total free energy (F) of a system is written as sum of three terms (Eq. 1). These are 

vibration less total energy at 0 K (E0), vibration free energy (Fvib), and free energy due to thermal 

electronic excitations (Felec) [12–14]. The first term of the equation can be computed with ab-

initio software [15, 16], the second term is computed by integrating over phonon density of states 

which is obtained using lattice dynamic method [17, 18].  The last term of the equation is 
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obtained by integrating over electronic density of states.   Commonly, F is the function of both 

volume (V) and temperature (T). 

 

Isotropic properties: Volumetric thermal expansion (αV), specific heat (Cp) and such other 

isotropic properties are scalar which do not depend on crystallographic directions. These 

properties, at a given temperature, are computed by minimizing F with respect to V. Temperature 

is a parameter here. QHA has been applied to more than 130 materials comprising metallic and 

non-metallic crystal types.  The results match with experimental data within 20% error bar 

(Figure 1). 

 

FIG. 1. The volumetric thermal expansion and specific heat values for more than 130 materials. 

The x-axis and y-axis are QHA and experimental data respectively. The dotted lines represent 

20% error bar [17]. 

 

Anisotropic properties: While computing direction dependent properties, for example, 

coefficient of thermal expansion (α), F is used as the function of lattice vector. The properties 

computed with QHA is shown in Figure 4. 

Negative thermal expansions: Generally, materials expand upon heating. However, there are 

some materials which shrink on heating and have negative α values. There are mainly two 

available mechanisms to explain the phenomenon [19].  QHA has been used to support these 

explanations.  The negative thermal expansion values for Si and Cu2O, for various temperature 

ranges, have been explained satisfactorily using QHA (Figure 2). 
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FIG. 2. Thermal expansion values for Si [20] and Cu2O [21]. 

Mechanical properties: In the Voigt notation, stress (σ) and strain (𝜖) can be expressed as 

 

whereCij is elastic stiffness constants of a crystal and it is a 6 × 6 matrix with Cij =Cji , so, the 

number of independent component components is 21 instead of 36.   To extract Cij values the F 

in Eq. 2 is reformulated as a function of magnitude of strain δ, strain itself [22,23] 

 

The 𝜖 for various crystal systems are prescribed in terms of δ.   For example,  components 𝜖 for 

cubic system are (0, 0, 0, δ, δ, δ), (δ, δ, 0, 0, 0, 0), (δ, δ, δ, 0, 0, 0). The component Cij can be 

extracted by fitting the F in Eq. 3. The results mostly found consistent with experiments (Figure 

3). 

 

FIG. 3. T -dependent elastic constants for Al and Ni3Al [24]. 

Accelerated QHA techniques: As mentioned earlier, Fvib is computed on various V values 

which requires as many lattice dynamic calculations. This makes QHA relatively expensive. In 
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accelerated QHA, two or three phonon calculations are performed and phonons are then 

extrapolated to any arbitrary values of V which reduces computational cost [25,26]. The results 

are consistent with QHA (Figure 4). 

 

FIG. 4. Temperature dependent coefficients of thermal expansions for two materials [24]. The 

red and black lines represent QHA and accelerated QHA calculations. 

 

Limitations of QHA: QHA has been consistently good to explain experimental findings for 

materials with different symmetries.  However, it cannot be applied to materials unstable at the 

ground state.  For example, most of the perovskites produce imaginary frequencies with lattice 

dynamics calculations and therefore, QHA can’t be used.   In addition to that, at high 

temperature near the melting point, QHA computed results show significant difference from 

experiments. In such cases, higher-order theories where temperature-dependent phonon are 

involved are useful. 

 

CONCLUSIONS 

In this review, we have discussed the QHA method along with accelerated methodologies that 

produce results as good as QHA. It is also discussed how the techniques are efficient in 

computing various properties. Finally, the limitations of QHA are also addressed with alternative 

solutions to handle the problem. 
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