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Abstract: The paper aims to study about the propagation behavior of shear horizontal type waves in a 

homogeneous isotropic layer sandwiched between viscous liquid layer and a microstructural substrate 

which is modeled using consistent couple stress theory. Consistent couple stress theory involves an 

additional material parameter called characteristic length of material to capture the role of internal 

microstructures of material. Dispersion and damping equations are calculated for the propagation of shear 

horizontal waves through the considered geometry using interfacial boundary conditions. The impact of 

various parameters such as width ratio of the layers, viscosity and density of viscous liquid layer and 

characteristic length parameter of consistent couple stress substrate are studied on the phase and damping 

velocities of shear horizontal type waves.  
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1. Introduction 

Shear horizontal waves are surface waves which are polarized in a plane determined by normal 

to the direction of propagation of wave. Study of these waves is crucial as it finds numerous 

applications in various fields such as seismology, geomechanics, earthquake engineering, non-

destructive testing techniques. Researchers have studied about these waves considering various 

geometries such as Kakar [8], Sharma and Kumar [12], singh et al. [1]. These type of waves are 

also utilized in surface waves acoustic devices (SAW) to find material flaws (Piliposian et al. 

[4], Ma et al. [7]) and are also used in biological biosensors to find human diseases such as Ten 

et al. [9].  

Consistent couple stress theory (Hadjesfandiari, Dargush [2]) is a generalized microcontinuum 

theory involving three material parameters ( 𝜇, 𝜆, 𝜂 ), out of which two (𝜇, 𝜆 ) are Lame’s 

parameters and third (𝜂) is called as couple stress coefficient. Couple stress coefficient depends 

upon a characteristic length parameter (𝑙)  through a mathematical relation (𝜂 = 𝜇𝑙2 ). 

Characteristic length is of the order of average material cell size and it is responsible for bringing 

the role of internal microstructures of material into considerations. Researchers have utilized 

consistent couple stress theory to study various problems such as [10-11]. 

Here in this paper, we have studied the propagation of shear horizontal type waves in a 

homogeneous isotropic layer lying over a microstructural substrate, which is modeled using 
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consistent couple stress theory and isotropic layer is loaded with a finite thicker viscous liquid 

layer. As shear horizontal waves or Love type waves are used in SAW devices which are utilized 

in such situations where these are immersed in viscous liquid such as Cui et al. [6], Nie et al. [3], 

Baroi et al. [5]. The impact of various parameters involved in the problem such as ratio of width 

of two layers, viscosity parameter, density of liquid layer and characteristic length of substrate 

are studied on the behavior of shear horizontal waves. 

2. Formulation and solution of the problem 

Consider an isotropic homogeneous layer of finite thickness which is sandwiched between a 

finite thicker viscous liquid layer and a microstructural half space governed by consistent couple 

stress theory. The origin of the cartesian coordinate system𝑂 𝑥, 𝑦, 𝑧  lies at the interfacial 

surface joining isotropic layer and couple stress substrate. The wave is considered to propagate 

in the direction of 𝑥-axis and 𝑦-axis is positive going downwards into the substrate. The free 

surface of viscous liquid layer is at 𝑦 = − 𝐻1 + 𝐻2 . The interface surface between viscous 

liquid layer and isotropic elastic layer is given by 𝑦 = −𝐻2 and the interfacial surface between 

isotropic elastic layer and couple stress substrate is given at 𝑦 = 0. For the propagation of Love 

type waves in the considered geometry, we assumed that displacement components are 

independent of 𝑧 coordinate, that is 
𝜕

𝜕𝑧
≡ 0, so if (𝑢, 𝑣, 𝑤) are the displacement components of a 

point in any medium, then 𝑢 = 𝑣 = 0 and 𝑤 is function of parameters 𝑥,𝑦 and 𝑡. 

 

Figure 1: Geometry of the problem 

2.1 Solution of viscous liquid layer  
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The viscous liquid layer is assumed to be placed over an isotropic elastic layer which is resting 

over a couple stress half space. The equation of motion for the viscous liquid layer is given as [5]  

𝜇1  
𝜕2𝑤 𝑙

𝜕𝑥2 +
𝜕2𝑤 𝑙

𝜕𝑦2  = 𝜌1
𝜕𝑤 𝑙

𝜕𝑡
                                                                                                            (1) 

where the symbols 𝜌1, 𝜇1 and 𝑤𝑙  represent the liquid mass density, viscous coefficient of liquid 

and velocity of liquid particle along 𝑧-direction, respectively. Let us assume solution for the 

above differential equation as 

𝑤𝑙 = 𝑝 𝑦 𝑒𝑖𝑘 𝑥−𝑐𝑡                                                                                                                        (2) 

where 𝑘 is wave number, 𝑐 is the phase velocity. Substituting above solution into equation (2), 

we get                                                                        

𝑑2𝑝(𝑦)

𝑑𝑦2 − 𝜖2𝑝 𝑦 = 0                                                                                                                     (3) 

where 𝑘2 −
𝑖𝑘𝑐 𝜌1

𝜇1
= 𝑘2 −

𝑖𝑘𝑐

𝑐1
2 = 𝜖2 and 

𝜌1

𝜇1
=

1

𝑐1
2  

The solution of equation (3) is given as                              

𝑝 𝑦 = 𝐴1𝑒
𝜖𝑦 + 𝐵1𝑒

−𝜖𝑦 , where 𝐴1 and 𝐵1 are arbitrary constants                                              (4) 

Hence 𝑤𝑙 = (𝐴1𝑒
𝜖𝑦 + 𝐵1𝑒

−𝜖𝑦 )𝑒𝑖𝑘(𝑥−𝑐𝑡)                                                                                      (5)                                                                

The only non-vanishing shear stress is given as 

 (𝜏𝑦𝑧 )𝑣𝑙 = 𝜇1
𝜕𝑤 𝑙

𝜕𝑦
= 𝜇1 𝐴1𝜖𝑒

𝜖𝑦 − 𝐵1𝜖𝑒
−𝜖𝑦  𝑒𝑖𝑘 𝑥−𝑐𝑡                                                                   (6) 

2.2 Solution of intermediate isotropic layer  

The equation of motion for an isotropic homogeneous elastic layer under the conditions needed 

for the propagation of Love waves 𝑢  = (0, 0, 𝑤2) and 
𝜕

𝜕𝑧
≡ 0 can be written as  

𝜇2∇
2𝑤2 = 𝜌2

𝜕2𝑤2

𝜕𝑡2                                                                                                                          (7) 

where the symbols 𝜌2 , 𝜇2  and 𝑤2  represent density, Lame’s constant and displacement of the 

elastic material particle along 𝑧-direction, respectively.                                                                                                                              

Let the solution for the equation (7) be  𝑤2 = 𝑔(𝑦)𝑒𝑖𝑘  𝑥−𝑐𝑡 , so from equation (7), we get 

𝑑2𝑔 𝑦 

𝑑𝑦2 + 𝑘2  
𝑐2

𝑐2
2 − 1 𝑔 𝑦 = 0, where  

𝜌2

𝜇2
=

1

𝑐2
2                                                                            (8) 
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The solution of equation (8) is given as 

𝑔 𝑦 = 𝐴2cos⁡(𝜎𝑦) + 𝐵2sin⁡(𝜎𝑦)                                                                                                (9) 

where  𝑘2  
𝑐2

𝑐2
2 − 1 = 𝜎2, 𝐴2 and 𝐵2 are arbitrary constants  

Hence, 𝑤2 = ((𝐴2cos⁡(𝜎𝑦) + 𝐵2sin⁡(𝜎𝑦))𝑒𝑖𝑘 𝑥−𝑐𝑡                                                                   (10) 

Constitutive relation for homogeneous isotropic layer is given as 

𝑆𝑖𝑗 = 𝜆2𝑢𝑘,𝑘𝛿𝑖𝑗 + 2𝜇2𝑒𝑖𝑗 , where 𝑒𝑖𝑗 =
1

2
 
𝜕𝑢 𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
  

The only non-vanishing stress component is given as 

𝑆𝑦𝑧 = 𝜇2
𝜕𝑤2

𝜕𝑦
= 𝜇2(−𝜎𝐴2 sin 𝜎𝑦 + 𝜎𝐵2cos⁡(𝜎𝑦))𝑒𝑖𝑘 𝑥−𝑐𝑡                                                     (11)             

2.3 Solution of consistent couple stress half space 

The equation of motion for consistent couple stress theory for isotropic material is given as 

(Hadjesfandiari and Dargush [2]) 

 𝜆3 + 𝜇3 + 𝜂∇2 ∇ ∇. 𝑢   +  𝜇3 − 𝜂∇2 ∇2𝑢  = 𝜌3
𝜕2𝑢  

𝜕𝑡2                                                                   (12) 

where 𝜆3 and 𝜇3 are Lame’s constants, 𝜌3 is the density of material of the couple stress substrate, 

𝜂 = 𝜇3𝑙
2  is couple stress coefficient, 𝑙  is characteristic length, and 𝑢  =  𝑢3, 𝑣3, 𝑤3  is the 

displacement vector. Now, using the conditions 𝑢3 = 𝑣3 = 0 and 
𝜕

𝜕𝑧
≡ 0. Equation (12) reduces 

to 

 𝜇3 − 𝜂∇2 ∇2𝑤3 = 𝜌3
𝜕2𝑤3

𝜕𝑡2   

 
𝜕2𝑤3

𝜕𝑥2 +
𝜕2𝑤3

𝜕𝑦2  − 𝑙2  
𝜕4𝑤3

𝜕𝑥4 + 2
𝜕4𝑤3

𝜕𝑦2𝜕𝑥2 +
𝜕4𝑤3

𝜕𝑦4  =
1

𝑐3
2

𝜕2𝑤3

𝜕𝑡2                                                            (13)                                                                 

where 𝜂 = 𝜇3𝑙
2 and 

𝜌3

𝜇3
=

1

𝑐3
2  

Let the solution for the equation (13) be  𝑤3 = 𝑓(𝑦)𝑒𝑖𝑘 𝑥−𝑐𝑡 , where 𝑘 is wave number and 𝑐 is 

phase velocity, so from equation (13), we get 

𝑑4𝑓 𝑦 

𝑑𝑦4 − 𝑃
𝑑2𝑓 𝑦 

𝑑𝑦2 + 𝑄𝑓 𝑦 = 0                                                                                                   (14)                                                                                     

where  2𝑘2 +
1

𝑙2 = 𝑃 and  
𝑘2

𝑙2 + 𝑘4 −
𝑘2𝑐2

𝑙2𝑐3
2  = 𝑄  
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Since in the couple stress substrate amplitude of wave must decrease with increase in depth, so 

the solution of the equation (14) is given as 

𝑓(𝑦) = 𝐴3𝑒
−𝑎2𝑦 + 𝐵3𝑒

−𝑏2𝑦  where 𝐴3 and 𝐵3 are arbitrary constants 

where 𝑎2 =  𝑃+ 𝑃2−4𝑄

2
 and 𝑏2 =  𝑃− 𝑃2−4𝑄

2
 

Hence, 𝑤3 = (𝐴3𝑒
−𝑎2𝑦 + 𝐵3𝑒

−𝑏2𝑦)𝑒𝑖𝑘 𝑥−𝑐𝑡                                                                              (15) 

The consecutive relations for consistent couple stress theory are given as 

𝜎𝑗𝑖 = 𝜆3𝑢𝑘,𝑘𝛿𝑖𝑗 + 𝜇3 𝑢𝑖,𝑗 + 𝑢𝑗 ,𝑖 − 𝜂∇2 𝑢𝑖,𝑗 + 𝑢𝑗 ,𝑖                                                                   (16) 

𝜇𝑗𝑖 = 4𝜂 𝜔𝑖 ,𝑗 − 𝜔𝑗 ,𝑖  where  𝜔𝑖 =
1

2
𝜖𝑖𝑗𝑘 𝑢𝑘,𝑗                                                                              (17) 

Here 𝑢𝑖  are the displacement components, 𝜎𝑗𝑖  is non-symmetric force-stress tensor, 𝜇𝑗𝑖  is skew-

symmetric couple-stress tensor, 𝛿𝑖𝑗  is Kronecker’s delta and 𝜖𝑖𝑗𝑘  is permutation tensor and 

𝑖, 𝑗, 𝑘 = 1,2,3.  

𝜎𝑦𝑧 = 𝜇3
𝜕𝑤3

𝜕𝑦
+ 𝜇3𝑙

2  
𝜕3𝑤3

𝜕𝑥2𝜕𝑦
+

𝜕3𝑦

𝜕𝑦3   

𝜎𝑦𝑧 =  
𝜇3 −𝑎2𝐴3𝑒

−𝑎2𝑦 − 𝑏2𝐵3𝑒
−𝑏2𝑦  +

𝜇3𝑙
2 −𝑎2𝐴3𝑘

2𝑒−𝑎2𝑦 − 𝑏2𝐵3𝑘
2𝑒−𝑏2𝑦 + 𝑎2

3𝐴3𝑒
−𝑎2𝑦 + 𝑏2

3𝐵3𝑒
−𝑏2𝑦  

 𝑒𝑖𝑘 𝑥−𝑐𝑡              (18)                                                     

 𝜇𝑥𝑦 = −2𝜂  
𝜕2𝑤3

𝜕𝑥2 +
𝜕2𝑤3

𝜕𝑦2   

𝜇𝑥𝑦 = 2𝜇3𝑙
2 𝑘2𝐴3𝑒

−𝑎2𝑦 + 𝑘2𝐵3𝑒
−𝑏2𝑦 − 𝑎2

2𝐴3𝑒
−𝑎2𝑦 − 𝑏2

2𝐵3𝑒
−𝑏2𝑦 𝑒𝑖𝑘 𝑥−𝑐𝑡                          (19) 

3. Boundary conditions 

Boundary conditions-I 

(i) Top surface of viscous liquid layer should be stress free, that is 

(𝜏𝑦𝑧 )𝑣𝑙 = 0 at 𝑦 = −(𝐻1 + 𝐻2) 

Boundary conditions-II 

(ii) Continuity of velocity components at the interface 𝑦 = −𝐻2 that is 𝑤𝑙 =
𝜕𝑤2

𝜕𝑡
, at 𝑦 = −𝐻2 

(iii) Continuity of the stress components at 𝑦 = −𝐻2 that is (𝜏𝑦𝑧 )𝑣𝑙 = 𝑆𝑦𝑧 , at 𝑦 = −𝐻2 

Boundary conditions-III 
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(iv) Displacement components should be continuous at the interface 𝑦 = 0 that is 𝑤2 = 𝑤3, at 

𝑦 = 0 

(v) Continuity of the stress components at 𝑦 = 0 that is 𝑆𝑦𝑧 = 𝜎𝑦𝑧  at 𝑦 = 0 

(vi) The couple stress tensor must vanish at𝑦 = 0 that is 𝜇𝑥𝑦 = 0 at 𝑦 = 0 

Using above stated boundary conditions, we get following system of six homogeneous linear 

equations 

𝐴1𝑒
−𝜖(𝐻1+𝐻2) − 𝐵1𝑒

𝜖(𝐻1+𝐻2) = 0                                                                                                (20) 

𝐴1𝑒
−𝜖𝐻2 + 𝐵1𝑒

𝜖𝐻2 − 𝑖𝑘𝑐𝑐𝑜𝑠 𝜎𝐻2 𝐴2 + 𝑖𝑘𝑐𝑠𝑖𝑛 𝜎𝐻2 𝐵2 = 0                                                   (21)                                                             

𝜇1𝜖𝑒
−𝜖𝐻2𝐴1 − 𝜇1𝜖𝑒

𝜖𝐻2𝐵1 − 𝜇2𝜎𝑠𝑖𝑛 𝜎𝐻2 𝐴2 − 𝜇2𝜎𝑐𝑜𝑠 𝜎𝐻2 𝐵2 = 0                                     (22)                                                 

𝐴2 − 𝐴3 − 𝐵3 = 0                                                                                                                       (23)  

𝜇2𝜎𝐵2 +  𝜇3𝑎2 + 𝜂𝑘2𝑎2 − 𝜂𝑎2
3 𝐴3 +  𝜇3𝑏2 + 𝜂𝑘2𝑏2 − 𝜂𝑏2

3 𝐵3 = 0                                      (24) 

 𝑘2 − 𝑎2
2 𝐴3 +  𝑘2 − 𝑏2

2 𝐵3 = 0                                                                                               (25)       

For non-trivial solution of above mentioned system of homogeneous linear equations, 

determinant of coefficient matrix for unknowns 𝐴1, 𝐵1, 𝐴2, 𝐵2, 𝐴3  and 𝐵3  must vanish, so by 

solving the determinant, we obtain following equation 

𝑅2𝑇10 − 𝑖𝐼2𝑇10 + 𝜇1 𝑖𝑅1𝑅3 + 𝑅1𝐼3 + 𝐼1𝑅3 − 𝑖𝐼1𝐼3 𝑇11 = 0                                                      (26) 

From real part of equation (26), we get dispersion equation for Love type waves as 

𝑅2𝑇10 + 𝜇1 𝑅1𝐼3 + 𝐼1𝑅3 𝑇11 = 0                                                                                               (27) 

and from imaginary part of equation (26), we get damping equation as  

𝐼2𝑇10 + 𝜇1 𝐼1𝐼3 − 𝑅1𝑅3 𝑇11 = 0                                                                                                (28) 

where 𝜖 =  𝑘2 −
𝑖𝑘𝑐 𝜌1

𝜇1
= 𝑅1 − 𝑖𝐼1, 𝑅1 =  𝑟 cos  

𝜃

2
 , 𝐼1 =  𝑟 sin  

𝜃

2
 , 𝑟 =  𝑘4 +

𝑘2𝑐2

𝑐1
4 ,  

𝜃 = tan−1(𝑐/𝑘𝑐1
2), 𝑅2 = 2 cosh 𝑅1𝐻1 cos 𝐼1𝐻1 , 𝐼2 = 2 sinh 𝑅1𝐻1 sin 𝐼1𝐻1 , 

𝑅3 = 2 sinh 𝑅1𝐻2 cos 𝐼1𝐻2 , 𝐼3 = 2 cosh 𝑅1𝐻2 sin 𝐼1𝐻2 , 𝐷12 = 𝑘𝑐𝑐𝑜𝑠 𝜎𝐻2 ,  

𝐷13 = 𝑘𝑐𝑠𝑖𝑛 𝜎𝐻2 , 𝐷14 = −𝜇2𝜎𝑠𝑖𝑛 𝜎𝐻2 , 𝐷15 = −𝜇2𝜎𝑐𝑜𝑠 𝜎𝐻2 , 𝐷16 = 𝜇2𝜎, 

𝐷17 =  𝜇3𝑎2 + 𝜂𝑘2𝑎2 − 𝜂𝑎2
3 , 𝐷18 =  𝜇3𝑏2 + 𝜂𝑘2𝑏2 − 𝜂𝑏2

3 , 𝐷19 =  𝑘2 − 𝑎2
2 ,  



THINK INDIA JOURNAL                                               ISSN: 0971-1260 

                                                                                                                                                              Vol-22-Issue-16-August-2019 

 

P a g e  | 4716  Copyright ⓒ 2019Author 

𝐷20 =  𝑘2 − 𝑏2
2 , 𝑇10 = 𝐷14𝐷16𝐷20 − 𝐷14𝐷16𝐷19 − 𝐷15𝐷17𝐷20 + 𝐷15𝐷18𝐷19 ,  

𝑇11 = −𝐷12𝐷16𝐷20 + 𝐷12𝐷16𝐷19 − 𝐷13𝐷17𝐷20 + 𝐷13𝐷18𝐷19 

4. Numerical results and discussion 

For the discussion of obtained results through graphical representations, we are considering the 

following date for the material parameters: 

(i). For viscous liquid layer [5], 𝜇1 = 1.5 𝑁𝑆/𝑚2, 𝜌1 = 1261.3 𝑘𝑔/𝑚3 

(ii). For isotropic elastic layer [1], 𝜇2 = 2.5 × 1010𝑁/𝑚2, 𝜌2 = 2320 𝑘𝑔/𝑚3 

(iii). For couple stress substrate [12], 𝜇3 = 1.987 × 1010𝑁/𝑚2, 𝜌3 = 4705 𝑘𝑔/𝑚3 

Figures 2 and 3, depict the impacts of ratio of widths  𝐻2/𝐻1  of homogeneous isotropic layer 

and viscous liquid layer on the propagation of Love-type waves. It can be observed that with the 

increase in width ratio, both phase and damping velocities are increasing. Hence width ratio 

 𝐻2/𝐻1  favors both phase and damping velocities. Figures 4 and 5 present the effects of 

viscosity parameter  𝜇1  of liquid layer on phase and damping velocities, it is observed that 

phase and damping velocities are increasing with increase in the value of viscosity parameter 

 𝜇1  of viscous liquid layer. Impact of density of viscous liquid layer on the behavior of Love 

type waves is shown in figures 6 and 7, it is noticed that density  𝜌1  of liquid layer adversely 

affect phase and damping velocities, as these velocities are decreasing with the increase in the 

value of density parameter  𝜌1  of viscous liquid layer. The role of characteristic length 

parameter on the propagation behavior of Love type waves is depicted in figures 8 and 9. It is 

found that characteristic length parameter  𝑙  of microstructural substrate is not favoring phase 

and damping velocities and these velocities are decreasing with the increase in characteristic 

length parameter  𝑙 .  
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Figure 2: Profiles of phase velocity versus wave number for different values of width ratio 

 

Figure 3: Profiles of damping velocity versus wave number for different values of width ratio 
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Figure 4: Profiles of phase velocity versus wave number for different values of viscosity 

parameter 

 

Figure 5: Profiles of damping velocity versus wave number for different values of viscosity 

parameter 
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Figure 6: Profiles of phase velocity versus wave number for different values of density of liquid 

layer 

 

Figure 7: Profiles of damping velocity versus wave number for different values of density of 

liquid layer 
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Figure 8: Profiles of phase velocity versus wave number for different values of characteristic 

length parameter 

 

Figure 9: Profiles of damping velocity versus wave number for different values of characteristic 

length parameter 
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5. Conclusion 

Following main observations are found through present analysis: 

 It is found that with the increase in width ratio  𝐻2/𝐻1 , both phase and damping 

velocities are increasing and width ratio goes in the favor of phase and damping 

velocities. 

 Phase and damping velocities are increasing with the increasing value of viscosity 

parameter  𝜇1  of viscous liquid layer. It is further noticed that, density parameter  𝜌1  of 

liquid layer adversely affect phase and damping velocities, as these velocities are 

decreasing with the increase in the value of density parameter  𝜌1  of viscous liquid 

layer. 

 Characteristic length parameter  𝑙  of microstructural substrate goes against phase and 

damping velocities and these velocities are decreasing with the increase in characteristic 

length parameter  𝑙 .  
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