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ABSTRACT :

Let the set of nilpotent elements of the ring R and the n x n matrix ring over R are Nil(R)
and M,(R) respectively. Here, we have taken a simple, undirected graph. For graph G, the set

of vertices and the set of edges are indicated by V(G) and E(G) respectively. In this paper, we

study the structure of the nil graph T' (R), where R=[] x[I and determine the chromatic

number of the graph I" (T, x[J ), for different values of m and n.

Keyword: Nil graph, Chromatic number, Commutative Ring.
1.INTRODUCTION

The set of nilpotent elements of the ring R and the n x n matrix ring over R are indicated by
Nil(R) and M(R) respectively. Here, by graphic, we say a simple, undirected graph. For
graph G, the set of vertices and the set of edges are indicated by V(G) and E(G) respectively.

For a positive integer, P. Grimaldi [1] has defined and researched the different properties of
the unit graph G(U ), of the integer ring modulo n, with a vertex set [l jand two distinct
vertexes adjacent if and only if their sum is a unit. Further in [2] authors have generalized
G(U ) to G(R) graph unit, where R is an arbitrary associative ring with a non-zero identity.

We introduced the nilpotent graph G(R) associated with the finite ring R. The nilpotent graph
G(R) of the ring R is defined by R \ Nil(R) as the vertex set and two vertices x and y are

adjacent if and only if x + y is the nilpotent element in R.

P.W Chen [3] proposed a certain kind of graph structure on a commutative ring R by
including the nil-elements of R.

The main object of their paper was to study the ring theoretic properties of R and graph

theoretic properties of I'N(R). The main focus of their work was on non-reduced rings since
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for a reduced ring the graph I'N(R) is actually the general zero-divisor graph. They proved
that for a non-reduced commutative ring the graph I'N(R)is connected, the diameter of I'N(R)

is less than or equal to 2 and the girth of I'N(R)is 3 or .

M. J. Nikmehr and S. Khojasteh [4] continued working on the modified definition of A. H.
Li and Q. S. Li [5] and named the graph as Nilpotent graph and classified all finite rings
whose nilpotent graphs have diameter at most three.

For aring R, we denote by M, (R) , R" and I, the ring of all n x n matrices, the set of n x 1
matrices over R and the identity matrix, respectively. Also, forany iandj,1<i,j<n, we

use E;; to denote the element of M,, (R) whose (i, ) -entry is 1 and other entries are 0 .

We represent the Jacobson radical of R by J (R). When its Jacobson radical is zero, a ring R
is called semisimple. We know from the Wedderburn-Artin that any semi-simple Artinian
ring isomorphic to the direct product of finitely many complete matrix rings over divisional

rings. If R has no non-zero nilpotent elements, a Ring R is called reduced.

In [5], the authors proved that if R is a left Artinian ring, then diam(I'y (R)) < 3. In Section 2,
we prove that if F is a field and n = 3 , then diam(I'y (M,, (F ))) =2 . If F is a field, we show
that diam(I'y (M2(F ))) = 3. In addition, we propose a new proof for [105] Theorem 2.3 when
R is a finite ring. We can also define the diameter of the nilpotent graph with J (R) = 0. for all

finite rings.
Here, we study the nil graphs of the ring Zn, x Z,, and determine the chromatic number of

the said graph.

2. THE STRUCTURE OF T, (1, %[,

The aim of this section is to characterize the adjacency relation between the vertices of the

graph T, (0, x[J ).

Let (x1, y1) and (xz, y2) be any two vertices T'y (7, x[1 ). Then (x1, y1) and (xz, y2) are

adjacent to each other if
(x1,¥1). (x2,y2) € N(Zin X In)
Le, If (x;.X2,¥1-¥2) €E N(Zyy X Ip,)

Le, ifx;.x; EN(E,) and y;.v: EN(L,)
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i.e, if (x;x2)% = 0(mod m) and (y,¥,)? = 0(mod n).
Example : Let us take the ring R = Zys X Z1g. Then

NP N (7 5 )% N (7 4g)

- {0,5,10,15,20} x {0, 6,12}

_[(0,0).(0,6).(0, 12),(5,0)(5,6),(5,12),(10,0),(10,6),(10,12)}

~|(15,0),(15,6),(15,12),(20,0),(20,6),(20,12)

25 18)

3. THE NIL GRAPH 1 (T, x[J )
In this section we determine the chromatic number of the graph T’ (J,x0,),
for different values of m and n.

Theorem 3.1: Let FN(D pz><qu)be the nil graph of the commutative ring
Ty (D 2 x[] qz),where p and g are distinct primes, then ;((FN (D 2 X0 )): pg+1
Proof: Let (xi, yi) and (X2, Y2) eV(FN(D p2><qu))be any two distinct vertices.

Then (xl,yl).(xz,yz):(xlxz,ylyz)eN(D szDqZ) if (xlxz)zzo(mod p’)  and

(V,y,)" =0(modq?)ie.p|xx, and q]y,y,.
The vertex set of the graph can be partitioned into the following subsets.
A= {{mp,rnfq]:phnandqlrm",l =sm=s=p-11l=m/=qg-1
All elements of A; are adjacent.
Ay ={(mm/q):ptmandgtm/,1<m<p’-11<m/ <q-1}
All elements of A, are not adjacent.
Ay ={(mp,m/):ptmandqim/,1<m<p-11<m/<q®-1}
All elements of As are not adjacent.
Ay ={(mp,0):ptm,1 <m < p— 1}. All the elements of A, are adjacent.
As ={(0,m/q):q t m/,1 = m/ < g — 1}. All the elements of A5 are adjacent.

AIE:{{mam“r}:leandqlmf,]Emgpz_lﬂlgmﬁng_l}

All elements of Ag are not adjacent.
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All elements of the set A UA,UAare adjacent to each other and they
form a complete subgraph of order (p—1)(q—1)+ p-1+q—-1=pg-1.
The elements of the set A, and As; are adjacent with each other and are also

adjacent to the complete subgraph of order pg — 1 . Therefore the pq — 1 elements along with

one element from A,, and one element from Aj together will form a clique of order

pq-1+1+1= pq+1in [y (0 . x0 ). So ;((rN (0, %0, ))z pg+1.

The elements of the clique can be colored with pgq + 1 colors. The elements of
the set A, are not adjacent among themselves and so can be colored with same color. Also the
elements of the set Az can be assigned the same color as they are not adjacent to each other.
The elements of the set Ag are only adjacent to the elements of the set A;.So we color these

elements with the color assigned to the other elements of the graph.

So z(Tw(Zy2 X Z,2)) < pq + 1. Hence So 7 (Ty(Z,2 X Z,2)) =pg + 1.

Theorem 3.2: Let I' (D . x[] pzq) be the nil graph of the commutative ring(] 2 x[] g

where p and g are distinct primes, then ;((FN (D o XU )) =p°+2.

¢
Proof: Let (x1, y1) and (Xo, y2) € V(FN (D XU pzq))be any two distinct vertices. Then
(% Y1) (%0 Y2) = (X945 ) € N (10 <D0 ) if (xx,)” =0(mod p?) and

(v2y,)’ =0(mod p’q) i.e.if pIxx, and pq|y,y,

The vertex set of the graph can be partitioned into the following subsets

A, ={(mp,m/pg):ptmandp,gtm/,1<sm<p-11<m/ <p-1}

All elements of A, are adjacent.
Ay ={(mp,m/p):ptmandp,gtm/,1<m<p-11<m/ <pg-1)
All elements of A,, are not adjacent.

Az ={{mr—hm’q}:p+m and p,q t m/,1<m =p-11< m'! Ep"' ~ 1}
All elements of As are not adjacent.

Ay ={(mp,0):ptm,1<m=<p-1}
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All elements of A, are adjacent.

A; ={(0,m'pq):p.qtm/ ,1<m/ =p—1}.

All elements of the set As are adjacent.
Ag={(m,m/pg):ptmpqgtm/,1=sm=p’-11<m/ <p-1}

All elements of the set Ag are adjacent.

Ay ={(mp,m/):ptmandp,qtm/,.1<m=<p-11<m <p’q-1}
All elements of the set A; are adjacent.
Ag={(mm/g):ptmandp,gtm/,.1<m<p-11<sm/ <p?-1}
All elements of the set Ag are adjacent.
Ag={(mm/p):iptmandqtm/,1<m<p’-11<m/ <pg—1}
All elements of the set Ag are adjacent.

Ay ={mm/):ptmandp,gtm/,1<m<p’*-11<m/ <p’q-1}.
All elements of the set A;q are adjacent.

All elements of the set AUA,UAare adjacent to each other and they
form a complete subgraph of order (p—1)(p-1)+ p—1+ p—1= p*-1.

The elements of the set A,, Az and Ag are adjacent with each other and are also
adjacent to the complete subgraph of order p? — 1. Therefore the p% — 1 elements along with
one element from each of the set Az, Az
and Ag will together form a clique of order

PP=1+1+4+1=p2=14+1+1=p2+2 in Ty(Zy2 X Ly2,)

So;((rN (0, %0 pzq))z p?+2.

The elements of the clique can be colored with p® + 2 colors. The elements of the set A,, are
not adjacent among themselves and so can be colored with same color.
Also the elements of the set Az can be assigned the same color as they are not adjacent to
each other. Similarly the elements of the set Ag are not adjacent among themselves and so
they can be colored with same color. The elements of A;, Ag, Ag and Ay are not adjacent to

every vertex of the clique. Therefore we can color these vertices by taking some colors of the

clique. So ;((FN (D 20 pzq))s p®+2. Hence ;((FN (D 20 ))= p>+2.

p’q
Theorem 3.3: Let I', (D por XU p,,zq) be the nil graph of the commutative ringl! g X0 :

1 pa2q

where p and g are distinct primes and a; and o, be any positive integers, then
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(a) %(Ty (Zpes X Lpaay)) = pBPealtlpBaz/tl 4 2 if either @y = 1,2(mod4) or a; =
1,2(mod4).

(b) 2Ty (Tpar X Lz ) = pl@/4pl3o2/4] ifno a; = 1,2(mod4).

Proof: The vertex set of the graph Ty (D por XU p,,zq)can be partitioned into the

following subsets
A ={xy) =(mpi,m/pig):ptmm/,gtm/,\1<sm< pm~i-1,1<m/ <

pﬂz—}._]_}‘[}ﬂiﬂﬁ[l—l,ﬂ £J£ﬂ'1—l
Bij ={(x,y) = (mp,m/pi):ptmm/,gtm/,1<m< pu=i-1,1<m/

= paz-j—q -1 }1

Diiiﬂi_lyﬂiji:ﬂz.
G={(xy)=(0mplg)pgtm/1<m/ < p -1} 0<j<a— L
D;={(xy) = (mp".0):ptmi<m< p“T -1} 0<i<a -1
E ={(x,y)=(0,m/p/):pgtm/,1<m/ < p=ig-1},,0<j < a,.
Let (X1, y1) and (X2, y2) be any two vertices of I (D ot x[] pazq) such that
—mptx —m/n? v — i —m/nk
X =mp*,Xx, =m 'p%,y,=m,p‘q and y, =m, p*q
X X, = myp'tm,/p'z = mym,/ptr*iz and
Y1Y2 = mapliqmy/pl2q = mymy/p/itz g2
Then (x1,¥1). (x2,¥2) € N(Zpar X Lpaay) if iy + iy = [@y/2] and j; + jo = [a/2].

ie, if (x;x,)? = 0(mod p™) and (y,¥,)? = 0(mod p®2q).

Now we can consider the following cases:

Casel: For the vertex set Aj let (x,y;)eA,and (x,y,)eA; such that
x,=mp",x,=m,p2and y,=m,p'q,y,=m,/p=q. Now we have the following
subcases:

1. For  0<i.i,<[a,/4]-1,0< j, j, <[a,/4]-1 (xl,yl)(xzyz)eN(D palxDpazq) as

i, +i, <[y /2] and |, + j, <[er,/2]. SO (x,y,) and (X,,y,) are not adjacent. Therefore
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the elements of Ais<[egl4]-1 and
j<[a,/4]-1 are not adjacent to each other. But these elements are
adjacent to the elements of A, such that i+i'>[a,/2] and j+j' 2[a,/2], for some
i’and j'.
2. For[eq/4]<ii,<ay—1 [a,/4]< ], <ea,-1,

(%, Y:)(%.Y,)eN (D o XL paz) as i +i, >[e /2] and j, + j, =[e, /2]. Therefore the
elements of the set A./j/ i>(ay/4),j=(a,/4) are adjacent to each other. Also all these
elements are adjacent to all elements of AI,J_,,(a1/4)si’ <(q-1),(e/4)< i’ <a,-1.

Total number of elements in the set

UA i 2[a /4], )2 [a, /4] is (pl 1) (ple 1),

Case 2 : For the vertex set B, |, let (x,y,).(X,,Y,)€B,;.

Then for OSiSal—l,OsjSaz,(xlyl).(xz,yz)eN(D o XL pazq) as

(yly2 )2 * O(mod p“zq). These elements are adjacent to the elements of the set A./,-/ such

that i+i' >[e, /2] and j+ j >[a,/2], for some i’ and ]’

Case 3 : For the vertex set Cj , let (0, y1) € C,and (0, yz)eCjz, then we have the

following subcases:

(i) For 0<j,j,<[a,/4]-1, the elements of the sets C;and C,; are not
adjacent with each other as 0(mod p“q) and hence (0, y,y,) ¢ N (D XL pazq).

(i) For [e,/4]<j,j,<a,—-1 the elements of the sets C, and C, are

adjacent  with  each  other  as (ylyz)zso(mod p“q) and  hence
(O, ylyz)eN(D o X0 pazq). Therefore all elements of the set C,,j>[a,/4] are

adjacent to each other. Total number of elements of UCJ., j= [az /4] IS (p[s"z“'] —1) Al
these elements are adjacent to the elements of sets

considered in subcase 1(ii) and also adjacent to the elements of Bi’,j’ Jfj+j> [, 12].

Case 4 : For the vertex set D;, let (x,,0)e D, and (x,,0)e D, , then we have the following

subcases:
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(i) For 0<i,i,<[a,/4]-1, the elements of the sets D; and D, are not

adjacent ~ with ~each other ~since  (xXx,)"#0(modp*) as and hence

(%,%,,0)& N (D o XL pazq).

(i) For [ey/4]<i,i, <o -1, the elements of the set D; and D, are
adjacent with each other since (xlxz)zzo(mod p"l) as I +i,>[ey/2]
and hence(xlxz,o)eN(D palxDpazq). Therefore  all  elements of the
set D,,i>[e,/4]are adjacent to each other and to the elements of the set
Dj,,i’z[a2/4]. Total number of elements of UD,i>[e,/4] is
(p[3“1’4] —1). These elements are adjacent to all elements of the set A ;and C,, for

i>[c,/4] and j>[e,/4] and also adjacent to some elements of B, / if

j +iz[a, /2]
Case 5 : For the vertex set Ej , let (0,y,)eE,and (0,y,)eE,. Then for

0<j,J, <, -1(0,¥,)(0,y,) N (D o X0 puzq) as (y,y,)" #0(mod pq). The elements

of E;,j> [a2 /4] are adjacent to the elements of the sets considered in subcase 1(ii),subcase
3(ii) and subcase 4(ii).
Now considering all cases discussed above, the elements of

A ,.C,.Dix[ey /4], j2[a,/4]will induce a complete subgraph of order

(p[s,,lm] _1j( p[sazm] _1]+ plialdl 1 ploeitl _q _ ploasd] _q

(@ If o,=12(mod4)or «,=12(mod4), then the elements of the set
B,

but are adjacent to very member of the above mentioned complete graph.

i>[ey /4], j2[a,/4] and t he set E;, j>[a, /4] are not adjacent with each other

Therefore the elements of the sets A;,C;,D; for all i>[e, /4], j=[a,/4]along with
any one element either from the set B ,i>[e /4], j=[a,/4] or from the set

3a, /4]

E,.i>[e/4] will induce a cliue of order p®“pl Again

the elements of the set A, i=[e /4], j=[a,/4]-1 are not adjacent among

themselves but are adjacent to every vertex of the clique. Again the elements of

A i=[y/4]-1,j=[a,/4] are not adjacent among themselves but are

adjacent to every vertex of the clique and also adjacentto A ;,i=[e /4], j=[a,/4]-1.
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Thus we must have I (D o X0 e )> pliadl plaaatd] 5
Since all elements of the sets A ,C;,D; for all i>[e,/4],j>[a,/4]induce a

complete graph of order pP#“lpl=/!l_1 so these vertices can be colored with

pl/Tp«"l _1 colors. The elements of the set B, ,,i >[c, /4], j >[cy /4] and the set

i,j?

=y Z[a2/4] are adjacent to every member of the complete graph and so we can
assign one more color to color these vertices. But allelements of B,; and E; are not

adjacent to each other, so they can be colored with the same color.

Again the elements of the set A,,i=[a, /4], j=[a,/4]-1are not adjacent among

themselves but are adjacent to every vertex of the clique and also adjacent to all
B,.E, ix[,/4],j=[e,/4]. The elements of Ai=[c,/4]-1 j=[c,/4]are not

ij?
adjacent among themselves but are adjacent to the complete graph of order
pt 4 pl'4l _1 and also adjacent
toB,,E; i>[ey/4],j=[a, /4], Ai =]y 4]-1, j=[e, ] 4]. Therefore two more colors
are needed to color these vertices.
All non adjacent elements outside the clique can be colored with some colors used in the

clique as they are not adjacent to every member of the clique. Thus we have a proper

coloring on exactly plea/4l pleatl 4 o colors. Hence
A (0 X0 g ) = PR 12,
Ifoy, #1,2(mod4), then the elements of the set B;,i>[a,/4] and the set

E.j> [, /4] are not adjacent with each other but are adjacent to very member of the

[3n/4] [30:2 /4]

above mentioned complete graph of order p —1. Therefore the elements of

the sets A;,C,,D, for all i>[e, /4], j>[a,/4]along with any one element either from

the set i>[ey /4], j=[a,/4] or from the set E;, j>[a,/4] will induce a clique of

order p3a1/4 [30{2/4].

Thus we must have

ZTN(D x[] )pr%mppwm.

pt p“2q
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Since all elements of the set A,C,D; for all ix[e/4] j=[c,/4]

[3=/4] _1 | so0 these vertices can be colored

induce a complete subgraph of order pP*“Ip
with pPIpl«l _1 colors. The elements of the set B,i>[c,/4],j>[e,/4] are
adjacent to every member of the complete graph and the set E;, j > [a2 /4] are adjacent to

every member of the complete graph and so we can assign one more color to color these

vertices. But all elements of B, ; and E, are not adjacent to each other, so they can be

colored with the same color.

All non adjacent elements outside the clique can be colored with some colors
used in the clique as they are not adjacent to every member of the clique. Thus, we have a

[3cx1/4] [3exy /4]

proper coloring on exactly p colors. Hence

P

2y (D pa x[ p”w)S p[3a2/4] p[3a2/4]- Thus 21y (D pe x[ p“ZQ)z p[3az/4] p[3a2/4].

Theorem 3.4 Let I (D palxanZra3) be the nil graph of the commutative ring

[ x[

p’

qearea where p, g and r are distinct primes and o, a,, o, be any positive integers

such  that at  least  two a,=lor2(mod4),  for  all i=1,2,3

then ;((FN (D X0 s )) = ple gty el | q

Proof : The vertex set of the graph I', (D pal><an2rag)can be partitioned into the

following subsets
A = {(mp",m/qir*):p,gtmm/,1<m < pu=i—1,1<m/ < pT-ige=k -

1}0<isa;-1,0<j<a,-10<k<az—1.
By={(mp",0):pgtmisms=< pu-i-1}0<i<a -1

Gi ={(0m/qir*):qrt m/ 1sm/ < g ir= " —1}0<j<a;-1,0<k<

ag_l.
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Dy ={(mp', m/T*):ptm;grim/,1sm< pm-i-1,1<m/

s reigz—1l0<sisa -1,0<k<a,

Ej ={(mp',m/q'):ptm, qgtm/1<m=< p2™-11<m/ < q=/r* -1}0
<fi=sm—-1,0<j<a,.
F; = {{ﬂjm"q"]:qul m/,1sm/ < g% ir® -1 }J 0<j<a,
Gy ={(0,m/r*):gqrt ml1<sm/ < qgur®* -1}, 0<k <a;
Let (x,y,) and (Xx,y,) be any two vertices of T (D 4 X0 qaw).
Then x,x, =m,p"m,p =mm,p*™* and
V1Y, =M, pqm, ptg =m/m, ph gl

Then (xl,yl)(xzyz)eN(DpalxanZr%) it i+i,>[e,/2] and j+j,>[a,/2] and

k +k, 2 [, /2], ie.if (xx,)" =0(mod p) and (y,y,)" =0(modqre).

Now we can consider the following cases :

Case 1 : For the vertex set A, let (x,y,)eA

1 jlkl

and (x,,y,)e A, such that

x, =mp",x, =m,p=and y, =m/q"r*,y, =m,'q%r*s. Now we have the following subcases :
(i) For 0<i<[eg/4]-1,0<j<[ea,/4]-1,0<k<[a,/4]-1,

(%9 (% Y2 ) €N (0 X0 o) 5 i+, <[ /2], + b, <[e, /2] and K, +k, <[ar, /2]
So (x.,y,) and (x,y,) are not adjacent. Therefore the elements of

Aji<[a/4]-1 j<[ey/4]-1 and k <[e,/4]-1 are not adjacent to each other. But these

elements are adjacent to the elements of A, such that i+i'>[a, /2] and j+j >[a,/2]

and k +k’ >[e, /2] for some i’, j',k'.
(ii) For [y /4] <i<e—Ll[a,/4]< j<a,—1 and

k<[ag/4]-10%,¥:) (%Y, )a eN(0 o x0 . ) s i+, 2[e, /2], ji+, 2 [, /2] and

k,+k, >[a;/2]. Therefore the elements of the set A ,,i>(/4),j=[a,/4].k=[a,/4]
are adjacent to each other and adjacent to the elements of
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Aol 2(en14),j' 2[e, /4], K 2[a,/4].  Total  number  of  elements  of
>

UA i > (0 /4), [ 2 [, 14] k = [,/ 4] is  pi" —1)(q[3“2’4]r[3“3’4] —1).

Case 2 : For the vertex set Bj, let ((x,0)eB, and(x,,0)eB , then we have the

following subcases:

() For 0<i,i,<[a,/4]-1, the elements of the set B and B are not
adjacent with each other since (xx,)"£0(modp*) as i,+i,<[a,/2].
Hence (xx,,0) ¢ N (D P XU e )

(i) For [a,/4]<i,i,<ey—1, the elements of the set B ~and B are

h 1

adjacent ~ with each  other since  (xx,)=0(mod p“)as i +i,>[e /2]

and hence (%X,,0)eN (D s X0 o ) There  are (p[3“1’4] —1) such

elements in this set. All these elements are adjacent to all those of the set
Adz[al4], iz, 4], k=[a,]4]
Case 3: For the vertex set C,, let (0,y,)eC;, and C,,,let(0,y,)eC,, then we have the

following subcases:
() For 0<j,j,<[a,/4]-1,0<k,k,<[e;/4]-1, the elements of the

set C,, and C,, are not adjacent with each other since (ylyz)2 aéO(mod p“l) as
ji+J, <[, /2] and k +k, <[e, /2]. Hence (0,y,,y,)e N (D X0 aazm).

(i) For [e,/4]< b, <a,—L[a;/4]<k,k,<ea,—1, the elements of the set C,, and
C,are adjacent with each other since (y,y,)"=0(modp“) and hence

(0,y,y,)eN (D o x qwg). There are (q[3“2’4]r[3"3’4] —1) such elements in this set. All

these elements are adjacent to the elements of the sets which are considered in subcasel

(i) and subcase2(ii)

Case 4: For the vertex set D, , let (x,y,),(X,,Y,) €D,

Then for 0<i<a, -1,0<k <a,, (X, ¥, )(X,Y,) &N (D ¥ qaw)

as(y,y,)" #0(modq“re).
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These elements are adjacent to the elements of the sets A, j,k,,Bi,,Cj,k, if

i+i'>[a,/2],k+k' 2[a;/2] and | >[a,/2].

Case 5 : For the wvertex set E, let (x,y,).(x,Y,)e

ij?

E,. Then for

0<i<ey-10<j<a,,(X,¥) (X y,)eN (D X[ q{,w) as

(yly2)2$0(m0dq“2r“3). These elements are adjacent to the set A .B,.C, if

i+i' >[a, /2], j+ ] >[a,/2].

Case 6 : For the vertex set F;, let (0,y,)eF,and (0,y,)eF, . Then for

J2

0< i Jy < =1(0,%,)(0.%,) &N (7 10 x0 ) 8 (1) #0(modger®).

Case 7 : For the vertex set Gy let (0,y,)eG,and (0,y,)eG, . Then for

0<k,k, <a;=1,(0,y,)(0, yz) eN (D pet xU quzras) as (3/13/2)2 #—O(mod q"‘zr%)-

Now considering all cases discussed above, the elements of

A z[al4], jz[a, 4] k=[a,]4] along with the elements of

B.i>[e/4],.C,\, j=[e, /4], k =[x,/ 4] will induce a complete subgraph of order

( p[3a1/4] _1)(q[3a2/4]r[3a3/4] _1) +( p[3a1/4] _1) +£qriz}r[siﬂ _]} _

p[3a1/4]q[3a2/4]r[3a3/4] 1

Again the elements of the set Bi=[e /4] and C,,,j=[a,/4]. k=[e,/4] are

adjacent with each other and also adjacent to every vertex of the above mentioned

complete graph and induce a clique of order pB/“lgie Iyl 1 1

[3en/4] |[3cx,/4] r [3e3/4]

All elements of the clique can be colored with p +1 colors. The elements

q
of the sets D,,E;F,G are not adjacent with each other and

also not adjacent to every vertex of the complete graph. All these non adjacent elements

outside the clique can be colored with some colors used in the clique as they are not
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adjacent to every member of the clique. So we can color the vertices of the graph

T, (D X[ qmas) with exactly pl/lgi®e"lpl"l | 1 colors. Therefore

ATn(Epar X Lyazyas ) < pl3as/2lgl3a/alp3aa/4] 4 1

Hence Iy {Epul X Equzra3) = pl3ai/4]gl3az/4)p3as/4] 4 1

Theorem 35 : Let T, (D meanzras) be the nil graph of the commutative ring

0 . x0 where p, g and r are distinct primes and ¢, a,,a, be any positive such

pa qe2re3
that exactly one o, =1or 2(mod4), for all i=1,2,3, then

Z(FN (D ot x[] v2as )) — p[3a1/4]q[3a2/4]r[3a3/4].

q°r

Proof : If o =lor2(mod4), for exactly one «;,i=123then by the proof of the
previous theorem we can see that the elements of subcasel(ii), subcase2(ii) and
subcase3(ii) will induce a complete subgraph of order pP%lgB= ="l _1  Again the
elements of the set Ajoi=[en14]-1 j=[a,/4]-Lk=[a;/4]-1

are not adjacent among themselves but are adjacent to all vertices of the complete

graph and induce a clique of order pt®®/lge/4y /4]

Thus 2Ty (Bpes X Lyaz,as)) = pl3es/qlsae/ylsas/4,

[3,/4] . [301,/4]

All elements of the cligue can be colored with p[3“1’4]q rt colors.

The elements of the set Djk,Ei J.,Fj,Gkare not adjacent with each other and also not
adjacent to every vertex of the complete graph. All non adjacent elements outside
the clique can be colored with some colors used in the clique as they are not adjacent to every

member of the clique. Therefore all  vertices of the graph can be properly

Sas/4] colors.

colored with pl/“lgB/Iyl
Thus X]—'N(Ep‘h x Eﬁ‘azr'ﬂ) < p[3n1f+lq[3qz£4lr[3wgf*l

Hence yTy {Epul * Equzrag) = p[3a1f4]q[ﬂazf4]r_[3a3;4]_
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Theorem 6.2.6 : Let T, (Dp x[] 3) be the nil graph of the commutative ring

a a
1 q 2ra

0 x[

p°t qezres !

where p, g and r are distinct primes and o,,«,,a;be any positive such

that none of o, =1or 2(mod4), for all i=12,3 then

Z(FN (D o1 x[] qezpn )) = p[3“1/4]q[3”‘2/4]r[3a3/4] 1

Proof : If o #1or 2(mod4), for «,i=123 then by the proof of the previous
theorem we can see that the elements considered in subcasel(ii), subcase2(ii) and

subcase3(ii) ~ will  induce a  clique of order  pPgBeApBEe_q

ZFN (D p x [ 4ors ) > p[3a1/4]q[3a2/4]r[3a3/4] 1

[3cx,74] r[3a3/4]

All elements of the clique can be colored with p[g“i"‘]q —1colors. The elements of

the set Di, B, F;, G, not adjacent  with each other and also
not adjacent to every vertex of the complete graph. All non adjacent elements
outside the clique can be colored with some colors used in the clique as they are not adjacent

to every member of the clique. Hence

pA0 (D p x[J qe2ren ) < p[3a1/4]q[30!2/4]r[3a3/4] 1
Hence

40N (D pl x[J qezres ) > p[3a1/4]q[3112/4]r[3a3/4] 1

4. CONCLUSION

It has been concluded that the chromatic number of the nil graph T' (U, = ) depends on

the prime factorization of m and n.
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