
THINK INDIA JOURNAL  
ISSN:0971-1260 

Vol-22- Issue-12-Novem ber-2019 
 

P a g e  | 520 Copyright ⓒ 2019Authors 
 
 

Accelerated Homotopy Perturbation Method for Solution of 
Coupled Emden–Fowler Equations 

 

Pranav Sharma2  and Prince Singh1* 

1Department of Mathematics, Lovely Professional University, Phagwara, Punjab, India. 

2Chitkara University Institute of Engineering & Technology, Chitkara University, Punjab, 
India. 

* Corresponding Author Email: princesingh16092@gmail.com 

Abstract. We have implemented accelerated homotopy perturbation  method (HPM) for the solution 
coupled Emden–Fowler equations which are nonlinear ordinary differential equation having 
singularity at ݔ = 0. In this method, we have included a new form of He’s polynomial for handling the 
nonlinear terms present in the equation. The result obtained from the proposed method shows the 
reliability, effiectiveness and applicability of this method for solving such complex nonlinear coupled 
system. 
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1.Introduction 
Lane-Emden equation represents the mathematical model of the physcial problem that occur 
in astrophysics and mathematical physics. 

݀ଶݑ
ଶݔ݀ +

ଵߚ
ݔ ൬

ݑ݀
൰ݔ݀ + (ݑ)ߢ = 0 

(*) 
For the different values of parameter ߚଵ  and function (ݑ)ߢ, the above model [6] represents 
different phenomena used in theory of steller structure, thermal behaviour of spherical cloud 
of gas  acting under the mutual enchantment of its molecules and concern to the classical laws 
of thermodynamics. The polytropic theory of stars genuinely follows out of thermodynamic 
considerations, that offers with the issue of energy transport, through the switch of fabric 
between exceptional levels of the star. These equations are one of the fundamental equations 
in the theory of stellar shape and has been the center of attention of many researchers. In 
1995, Adomian [5] had applied decomposition method for the analytical solution of Lane-
Emden equation. In 2003, Liao [14] proposed analytical solution of Lane-Emden equation by 
applying homotopy analysis method (HAM) and also discussed the significance of this 
method that the HAM  method provides appropriate adjustment in the convergence region 
without using Pade approximation. In 2005, Wazwaz [12] used Adomian decomposition 
method (ADM) to provide the exact solution of generalized Emden–Fowler equation. 
Yildirim [10-11] used He’s Homotopy perturbation method (HPM) [1,2] and variational 
iteration method [3] (VIM) to obtain the solution of singular initial value problem of Lane–
Emden type equation. Tabrizidooz et. al. [9], used hybrid function method which consist of 
Lagrange’s polynomial and block-pulse function to reduce the Emden–Fowler equations to a 
system of nonlinear equations. Dehghan [7], used variational iteration method (VIM) and 
computed the approximate solution of Lane-Emden equation. Further, Dehghan [8], had 
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applied hermite collocation technique to solve nonlinear Lane–Emden type equations. In 
2011, Wazwaz [13] used VIM with Langrange correction multiplier to solve the system of 
coupled Lane-Emden equations. Moreover, Muatjetjeja [15] studied the classification of 
generalized coupled Lane-Emden equation using First order Lagrangian. In this paper, we 
have applied accelerated HPM to obtain the series solution of nonlinear coupled Lane-Emden 
equations. Here, we have used a new form of He’s polynomial introduced by Kalla [4] which 
accelerate the convergence of the HPTM. 

2.Accelerated Hom otopy Perturbation Method  

To elucidate the proposed technique, consider the following nonlinear equations: 

݀ଶݑ
ଶݔ݀

+
ଵߚ
ݔ
൬
ݑ݀
ݔ݀
൰ + ଵ݂(ݒ,ݑ) = ݇ଵ(ݔ) 

݀ଶݒ
ଶݔ݀ +

ଶߚ
ݔ ൬

ݒ݀
൰ݔ݀ + ଶ݂(ݒ,ݑ) = ݇ଶ(ݔ) 

(1) 
with condition (0)ݑ = ܿଵ, (0)’ݑ = (0)ݒ , 0 = ଶܿ  and ݒᇱ (0) = 0. 
On solving eq. (1), we get 

(ݔ)ݑ = (0)ݑ + න
1
ఉభݏ

௫

଴
ቆන ఉభߦ

௦

଴
൫ ଵ݇(ߦ) − ଵ݂(ݒ,ݑ)൯ ቇߦ݀ ݏ݀ 	 

and  

(ݔ)ݒ = (0)ݒ + න 1
ఉమݏ

௫

଴
ቆන ఉమߦ

௦

଴
൫ ଶ݇(ߦ) − ଶ݂(ݑ, ൯(ݒ ቇߦ݀ ݏ݀  

(2)  

Now apply Homotopy perturbation method to solve eq.(2), i.e. assuming 

(ݔ)ݑ = ∑ ௡ஶ݌௡ݑ
௡ୀ଴ 	and (ݔ)ݒ = ∑ ௡ஶ݌௡ݒ

௡ୀ଴  

ଵ݂(ݑ, (ݒ = ଵܮ ଵ݂(ݒ,ݑ) + ଵܰ ଵ݂(ݒ,ݑ) 

and 

ଶ݂(ݑ (ݒ, = ଶܮ ଶ݂ (ݒ,ݑ) + ଶܰ ଶ݂(ݒ,ݑ) 

where ܮ ଵ݂ and ܮଵ  ଵ݂are linear functions of ݑ, ܰ and ݒ ଵ݂ , ܰ ଶ݂ the nonlinear functions of ݑ,  .ݒ

Eq. (2) reduces to 

෍ݑ௡݌௡
ஶ

௡ୀ଴
= ଵܿ + ݌ ൭න

1
ఉభݏ

௫

଴
൭න ఉభߦ

௦

଴
൭݇ଵ(ߦ) − ଵܮ ଵ݂ ൭෍ݑ௡݌௡

ஶ

௡ୀ଴
, ෍ݒ௡݌௡
ஶ

௡ୀ଴

൱− ෍ܪෙଵ௡݌௡
ஶ

௡ୀ଴

൱ ݏ൱݀ߦ݀ 	൱	 

and  

෍ݒ௡݌௡
ஶ

௡ୀ଴
= ଶܿ ݌+ ൭න

1
ఉమݏ

௫

଴
൭න ఉమߦ

௦

଴
൭݇ଶ(ߦ) ଶܮ− ଶ݂ ൭෍ݑ௡݌௡

ஶ

௡ୀ଴
, ෍ݒ௡݌௡
ஶ

௡ୀ଴

൱− ෍ܪෙଶ௡݌௡
ஶ

௡ୀ଴

൱݀ߦ൱݀ݏ 	൱ 

(3) 

where ݌ ∈ [0,1] is a parameter, ܪෙଵ௡  and ܪෙଶ௡  are accelerated He’s polynomial 

௜ܰ ௜݂(ݑ, (ݒ = ∑ ݌෩௜௡ܪ
௡∞

௡ୀ଴ , 

and ܪ෩௜௡(ݒ,ݑ) = ܰ(ܵ௜௡)− ∑ ෩௜௝௡ିଵܪ
௝ୀ଴ , ݊ ≥ 1, ݅ = 1,2 

(4) 
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Where ܪ෩௜଴ = ௜ܰ ( ௜݂(ݑ଴ ܵ ,((଴ݒ, ଵ௞= ଴ݑ) ଵݑ+ + ⋯+ (௞ݑ  and ଶܵ௞ = ଴ݒ) + ଵݒ + ⋯+   .(௞ݒ
Now, comparing coefficients of the equal power of ݌, we have 

:଴݌ ଴ݑ = (0)ݑ = ܿଵ 

ଵ݌ ଵݑ: = න 1
1ߚݏ

ݔ

0
ቆන 1ߚߦ

ݏ

0
൫ (ߦ)1݇ − 1ܮ ݂1

,0ݑ) 0ݒ ) − ݏቇ݀ߦෙ10൯݀ܪ  

ଶ݌ : ଶݑ = −න 1
1ߚݏ

ݔ

0
ቆන 1ߚߦ

ݏ

0
൫1ܮ 1݂

,1ݑ) (1ݒ + ෙܪ 11൯݀ߦቇ  ݏ݀

⋮ 

଴݌ : ଴ݒ = (0)ݒ = ܿଶ  

ଵ݌ ଵݒ: = න
1
2ߚݏ

ݔ

0
ቆන 2ߚߦ

ݏ

0
൫ (ߦ)2݇ − 2ܮ ,0ݑ)2݂ 0ݒ ) − ෙ20ܪ ൯݀ ቇߦ  ݏ݀

ଶ݌ : ଶݒ = −න
1
2ߚݏ

ݔ

0
ቆන 2ߚߦ

ݏ

0
൫2ܮ ,1ݑ)2݂ (1ݒ ෩ܪ+ 21൯݀ߦቇ  ݏ݀

⋮ 

Hence, the solution of eq.(1) is obtained by taking ݌ → 1, i.e. 

(ݔ)ݑ = ∑ ∞௡ݑ
௡ୀ଴   and  (ݔ)ݒ = ∑ ∞௡ݒ

௡ୀ଴ 	 

3.Condition of convergence of  Accelerated HPTM 

Here, we emphasize on condition of convergence of the above introduced method. 
Theorem 3.1: If  ݑ, ݒ,ݑ௞ 	and ௞ݒ	 ∈    is Banach space, then the series ࡮ where ,࡮

(ݔ)ݑ = ∑ ∞௡݌௡ݑ
௡ୀ଴  and (ݔ)ݒ = ∑ ∞௡݌௡ݒ

௡ୀ଴  

converges  to the solution of eq.(1) if ‖ݑ௡ାଵ‖ ≤ ‖௡ାଵݒ‖ ௡‖  andݑ‖ߢ ≤  ௡‖  whereݒ‖ߟ
0 < ,ߢ ߟ < 1.This conditions of convergence of the series is proved in [5-6].  

  

4.Application of Accelerated HPM 

Exam ple 1: Consider following nonlinear coupled Emden–Fowler equations 
ௗమ௨
ௗ௫మ

+ ଵ
௫
ቀௗ௨
ௗ௫
ቁ+ ݒଶݑ − ଶݔ4) + ݑ(5 = 0, 

݀ଶݒ
ଶݔ݀ +

2
ݔ ൬
ݒ݀
൰ݔ݀ + ଶݒݑ − ଶݔ4) − ݒ(5 = 0 

With initial conditions (0)ݑ = ᇱ(0)ݑ ,1 = (0)ݒ ,0 = 1 and ݒᇱ(0) = 0.       (5) 
The exact solution is given as (ݔ)ݑ = ݁௫

మ
 and (ݔ)ݒ = ݁ି௫

మ
. 

On applying accelerated Homotopy perturbation technique on eq.(5), we get 

෍ݑ௡݌௡
ஶ

௡ୀ଴
= (0)ݑ + ቌන݌

1
ݏ

௫

଴
ቌන ߦ

௦

଴
ቌ൫42ݔ + 5൯ ൭෍ݑ௡݌௡

ஶ

௡ୀ଴

൱ − ෍ܪ෩ଵ௡݌௡
ஶ

௡ୀ଴

ቍ݀ߦቍ ݏ݀ 	ቍ 
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and  

෍ݒ௡ ௡݌
ஶ

௡ୀ଴

= (0)ݒ + ݌ ቌන
1
ଶݏ

௫

଴
ቌන ଶߦ

௦

଴
ቌ൫42ݔ − 5൯ ൭෍ݒ௡݌௡

ஶ

௡ୀ଴

൱ −෍ܪ෩ଶ௡݌௡
ஶ

௡ୀ଴

ቍ ቍߦ݀  ቍ	ݏ݀

(6) 

Where (ݔ)ݑ = ∑ ௡ஶ݌௡ݑ
௡ୀ଴ 	and (ݔ)ݒ = ∑ ௡ஶ݌௡ݒ

௡ୀ଴ , ∑ ௡ஶ݌ෙଵ௡ܪ
௡ୀ଴ =   and ݒଶݑ

෍ܪ෩ଶ௡݌௡
ஶ

௡ୀ଴
=  ଶݒݑ

A few components of accelerated He’s polynomial are given as 

෩ଵ଴ܪ = ଴ݒ଴ଶݑ  

෩ଵଵܪ = 0ݑ2 0ݒ1ݑ 1ݑ+
0ݒ2 + 0ݑ

1ݒ2 + 1ݒ1ݑ0ݑ2 + 1ݑ
1ݒ2  

෩ଵଶܪ = 2ݑ0ݑ2 0ݒ	 + 0ݒ2ݑ1ݑ2 + 2ݑ
0ݒ2 + 2ݑ0ݑ2 1ݒ + 2ݑ1ݑ2 1ݒ + 2ݑ

1ݒ2 + 0ݑ
2ݒ2 + 0ݑ2 2ݒ1ݑ + 1ݑ

2 2ݒ

+ 2ݒ2ݑ0ݑ2 + 2ݑ1ݑ2 2ݒ + 2ݑ
2ݒ2  

⋮ 

෩ଶ଴ܪ = ଴ଶݒ଴ݑ  

෩ଶଵܪ = 0ݒ1ݑ
2 + 1ݒ0ݒ0ݑ2 + 1ݑ2 1ݒ0ݒ + 1ݒ0ݑ

2 + 1ݒ1ݑ
2  

෩ଶଶܪ = 2ݑ 0ݒ
2 + 1ݒ0ݒ2ݑ2 + 1ݒ2ݑ

2 + 0ݑ2 2ݒ0ݒ + 2ݒ0ݒ1ݑ2 + 2ݒ0ݒ2ݑ2 + 2ݒ1ݒ0ݑ2 + 1ݑ2 2ݒ1ݒ

+ 2ݒ1ݒ2ݑ2 + 2ݒ0ݑ
2 + 2ݒ1ݑ

2 + 2ݒ2ݑ
2  

⋮ 

(7) 

On equating the term containing equal power of ݌ on the both sides of the eq. (6), we get  
:଴݌ ଴ݑ = (0)ݑ = 1 

ଵ݌ : ଵݑ = 2ݔ +
4ݔ

4
 

ଶ݌ : ଶݑ =
4ݔ

4
+

6ݔ37

240
+
8ݔ

40
+

10ݔ11

8000
−

12ݔ

3840
−

14ݔ

15680
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ଷ݌ : ଷݑ =
6ݔ

80
+

8ݔ109

7168
+

10ݔ73

14000
+

12ݔ38671

53222400
+

14ݔ634639

28252224000
−

16ݔ2544571

516612096000

+
18ݔ403999

81729648000
+

20ݔ2420057

1153152000000
+

22ݔ3302941931

10255557312000000

−
18674 24ݔ63

166905446400000
−

26ݔ905977057

61115210956800 000
−

28ݔ14644272829

5315938467840 000000

−
30ݔ2113860611

28478241792000000000
+

32ݔ58080058721

1080063688704000000000

+
34ݔ40645401061

4389446334873600000000
+

36ݔ879057841

3189563080704000000000

−
38ݔ6942109

60922342440960000000
−

40ݔ6936343

607535824896000000000

+
42ݔ

101486098022400000
+

44ݔ

9995781734400000
 

 
⋮ 
 

:଴݌ ଴ݒ = (0)ݒ = 1, 
 

:ଵ݌ ଵݒ = ଶݔ− + ௫ర

ହ , 
 

:ଶ݌ ଶݒ = ଷ௫ర

ଵ଴ − ଷଵ௫ల

ଶ ଴଼ + ௫ఴ

ଶସ଴ + ௫భబ

ଵଵ଴଴଴ + ௫భమ

ଶ଺଴଴−
௫భర

ଶଵ଴଴଴, 
 

ଷ݌ : ଷݒ = −
଺ݔ47

840 +
଼ݔ557

17280 −
ଵ଴ݔ3769

924000 −
ଵଶݔ14171

41184000 +
ଵସݔ7888871

141261120000 −
ଵ଺ݔ33973

12475008000

+
ݔ359593 ଵ଼

132723360000
+

ଶ଴ݔ3697

847566720000
−

ଶଶݔ152469049

1048345858560000

−
ଶସݔ1077933397

279697017600000000
+

ଶ଺ݔ14825663393

11344511033856000000

+
ଶ଼ݔ17360347063

11481873346944000000 −
ଷ଴ݔ25445565773

180348636948480000000

−
ଷଶݔ55991557

2938231296000000000
−

ଷସݔ225993583

80128015968000000000

+
ଷ଺ݔ49502371579

56504391495552000000000 +
ଷ଼ݔ334133

54430734758400000000

−
ସ଴ݔ115537

50194784640000000000
−

ସଶݔ269

278310090240000000
+

ସସݔ

13691462400000000
 

⋮ 
 
The solution of eq.(5) is given by (ݔ)ݑ = ∑ ݌௡ݑ

௡∞
௡ୀ଴  and (ݔ)ݒ = ∑ ݌௡ݒ

௡∞
௡ୀ଴  as ݌ → 1 i.e. 

 



THINK INDIA JOURNAL  
ISSN:0971-1260 

Vol-22- Issue-12-Novem ber-2019 
 

P a g e  | 525 Copyright ⓒ 2019Authors 
 
 

(ݔ)ݑ	 = 1 + ଶݔ +
ସݔ

2 +
଺ݔ

6 +
଼ݔ1441

35840 +
ଵ଴ݔ369

56000 +
ଵଶݔ24811

53222400 −
ଵସݔ1167161

28252224000

−
ଵ଺ݔ2544571

516612096000
+

ଵ଼ݔ403999

81729648000
+

ଶ଴ݔ2420057

1153152000000

+
ଶଶݔ3302941931

10255557312000000
−

ଶସݔ1867463

166905446400000
−

ଶ଺ݔ905977057

61115210956800000

−
ݔ14644272829 ଶ଼

5315938467840000000 −
ଷ଴ݔ2113860611

28478241792000000000

+
ଷଶݔ58080058721

1080063688704000000000
+

ଷସݔ40645401061

4389446334873600000000

+
ଷ଺ݔ879057841

3189563080704000000000 −
ଷ଼ݔ6942109

60922342440960000000

−
ସ଴ݔ6936343

607535824896000000000
+

ସଶݔ

101486098022400000
+

ସସݔ

9995781734400000
… 

 
 
and 
(ݔ)ݒ  = 1 − ଶݔ + ௫ర

ଶ −
௫ల

଺ + ଺ଶଽ௫ఴ

ଵ଻ଶ ଴଼ −
଺଻௫భబ

ଵ଺ ଴଼଴ + ଵ଺଺ଽ௫భమ

ସଵଵ଼ ସ଴଴଴ + ଵଵ଺ଶଵହଵ௫భర

ଵସଵଶ଺ଵଵଶ଴଴଴଴−
ଷଷଽ଻ଷ௫భల

ଵଶସ଻ହ଴଴଼଴଴଴ +
ଷହଽହଽଷ௫భఴ

ଵଷଶ଻ଶଷଷ଺଴଴଴଴ + ଷ଺ଽ଻௫మబ

଼ସ଻ହ଺଺଻ଶ଴଴଴଴−
ଵହଶସ଺ଽ଴ସଽ௫మమ

ଵ଴ସ଼ଷସହ଼ହ଼ ହ଺଴଴଴଴−
ଵ଴଻଻ଽଷଷଷଽ଻௫మర

ଶ଻ଽ଺ଽ଻଴ଵ଻଺଴଴଴଴଴଴଴଴ + ଵସ ଶ଼ହ଺଺ଷଷଽଷ௫మల

ଵଵଷସସହଵଵ଴ଷଷ଼ହ଺଴଴଴଴଴଴+
ଵ଻ଷ଺଴ଷସ଻଴଺ଷ௫మఴ

ଵଵସ଼ ଵ ଻଼ଷଷସ଺ଽସସ଴଴଴଴଴଴
− ଶହସସହହ଺ହ଻଻ଷ௫యబ

ଵ ଴଼ଷସ଼ ଺ଷ଺ଽସ଼ସ଼ ଴଴଴଴଴଴଴
− ହହଽଽଵହହ଻௫యమ

ଶଽଷ଼ ଶଷଵଶଽ଺଴଴଴଴଴଴଴଴଴
− ଶଶହଽଽଷହ଼ ଷ௫యర

଼଴ଵଶ଼ ଴ଵହଽ଺଼ ଴଴଴଴଴଴଴଴଴
+

ସଽହ଴ଶଷ଻ଵହ଻ଽ௫యల

ହ଺ହ଴ସଷଽଵସଽହହହଶ଴଴଴଴଴଴଴଴଴
+ ଷଷସଵଷଷ௫యఴ

ହସସଷ଴଻ଷସ଻ହ଼ ସ଴଴଴଴଴଴଴଴
− ଵଵହହଷ଻௫రబ

ହ଴ଵଽସ଻଼ସ଺ସ଴଴଴଴଴଴଴଴଴଴
− ଶ଺ଽ௫రమ

ଶ଻଼ଷଵ଴଴ଽ଴ଶସ଴଴଴଴଴଴଴
+

௫రర

ଵଷ଺ଽଵସ଺ଶସ଴଴଴଴଴଴଴଴+ ⋯ 
 
Table 1: Tabulated value of (ݔ)ݑ and (ݔ)ݒ  up to fourth order approximation using Acc. HPM 
ݔ݋ݎ݌݌ܣ ݔ . ݔ݋ݎ݌݌ܣ (ݔ)ݑ	ݐܿܽݔܧ (ݔ)ݑ . ݔܧ (ݔ)ݒ ݐܽܿ  (ݔ)ݒ	

0.1 1.010050167084169  1.010050167084168  0.9900498337492025 0.9900498337491681 
0.2 1.0408107741931507  1.0408107741923882  0.9607894391866374 0.9607894391523232 
0.3 1.0941742837378137  1.0941742837052104  0.9139311871551681 0.9139311852712282 
0.4 1.1735108712552142  1.1735108709918103  0.8521438201717453 0.8521437889662113 
0.5 1.2840254147854566  1.2840254166877414  0.7788010484144984 0.7788007830714049 
0.6 1.4333293637523778  1.4333294145603401  0.697677792452521  0.697676326071031  
0.7 1.6323157215043882  1.6323162199553791  0.6126323612578998 0.612626394184416  
0.8 1.8964775697925393  1.8964808793049517  0.527311663153453  0.5272924240430485 
0.9 2.247890700671867  2.2479079866764717  0.4449095185824269 0.4448580662229411 
1.0 2.7182055677656094  2.718281828459045  0.36799697992723523 0.36787944117144233  
1.1 3.3531883384882835  3.3534846525490245  0.298430907363194  0.29819727942988733  
1.2 4.219653654867347  4.220695816996554  0.23733591379990915 0.23692775868212165  
1.3 5.416099322143275  5.4194807051312095  0.18514773399090736 0.18451952399298915  
1.4 7.089067612573481  7.099327065156635  0.14170424830383258 0.14085842092104495  
1.5 9.458341734778879  9.487735836358533  0.1063727246779433 0.10539922456186425  
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 ,  
Fig.1: Plot of computed value of (ݔ)ݒ and exact vaue of (ݔ)ݒ , when 0.1 ≤ ݔ ≤ 2. 
 
 
  

 ,  
Fig.2: Plot of computed value of (ݔ)ݑ and exact vaue of (ݔ)ݑ, when 0.1 ≤ ݔ ≤ 2. 
 
Exam ple 2: Consider following nonlinear coupled Emden–Fowler equations 

ௗమ௨
ௗ௫మ

+ ଶ
௫
ቀௗ௨
ௗ௫
ቁ + ଶݒ − ଶݑ + ݒ6 = 6 + ଶݔ6 , 

݀ଶݒ
ଶݔ݀

+
2
ݔ
൬
ݒ݀
ݔ݀
൰+ ଶݑ − ଶݒ − ݒ6 = 6− ଶݔ6  

With initial conditions (0)ݑ = ᇱ(0)ݑ ,1 = (0)ݒ ,0 = −1 and ݒᇱ(0) = 0.       (8) 
The exact solution is given as (ݔ)ݑ = ଶݔ + ݁௫మ  and (ݔ)ݒ = ଶݔ − ݁௫మ . 

On applying accelerated Homotopy perturbation technique on eq.(8), we get 

෍ݑ௡݌௡
ஶ

௡ୀ଴

= (0)ݑ + ݌ ቌන
1
ଶݏ

௫

଴
ቌන ଶߦ

௦

଴
ቌቀ42ߦ + 6ቁ− 6൭෍ݒ௡ ௡݌

ஶ

௡ୀ଴

൱ + ෍ܪ෩ଵ௡݌௡
ஶ

௡ୀ଴

ቍ݀ߦቍ  ቍ	ݏ݀

and  

෍ݒ௡݌௡
ஶ

௡ୀ଴
= (0)ݒ + ቌන݌

1
ଶݏ

௫

଴
ቌන ଶߦ

௦

଴
ቌቀ6 − +2ቁߦ6 6൭෍ݒ௡݌௡

ஶ

௡ୀ଴

൱ + ෍ܪ෩ଶ௡݌௡
ஶ

௡ୀ଴

ቍ݀ߦቍ ቍ	ݏ݀  

(9) 
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Where (ݔ)ݑ = ∑ ݌௡ݑ
௡ஶ

௡ୀ଴ 	and (ݔ)ݒ = ∑ ݌௡ݒ
௡ஶ

௡ୀ଴ , ∑ ௡ஶ݌ෙଵ௡ܪ
௡ୀ଴ = ଶݑ − ଶݒ  and  

෍ܪ෩ଶ௡݌௡
ஶ

௡ୀ଴

= ଶݒ −  ଶݑ

A few components of accelerated He’s polynomial are given as 

෩ଵ଴ܪ = 0ݑ
2 − 0ݒ

2 

෩ଵଵܪ = 1ݑ0ݑ2 + 1ݑ
2 1ݒ0ݒ2− − 1ݒ

2  

෩ଵଶܪ = 2ݑ0ݑ2 + 2ݑ1ݑ2 + 2ݑ
2 − 0ݒ2 2ݒ − 1ݒ2 2ݒ − 2ݒ

2  

⋮ 

 

 
෩ଶ଴ܪ = 0ݒ

2 − 0ݑ
2 

෩ଶଵܪ = 1ݑ0ݑ2− − 1ݑ
2 + 0ݒ2 1ݒ + 1ݒ

2  

෩ଶଶܪ = 0ݑ2− 2ݑ 2ݑ1ݑ2− − 2ݑ
2 + 0ݒ2 2ݒ + 2ݒ1ݒ2 + 2ݒ

2  

⋮ 

(10) 

On equating the term containing equal power of ݌ on the both sides of the eq. (9) and using 
eq.(10), we get  

:଴݌ ଴ݑ = (0)ݑ = 1, 

ଵ݌ ଵݑ: = ଶݔ2 +
ସݔ3

10 , 

 

:ଶ݌ ଶݑ =
ସݔ

5
+

଺ݔ29

210
+
଼ݔ

60
, 

 

ଷݑ:ଷ݌ =
଺ݔ

35
+

଼ݔ19

840
+

ଵ଴ݔ727

115500
+

ଵଶݔ41

163800
−

ଵସݔ1829

9261000
−

ଵ଺ݔ29

856800
−

ଵ଼ݔ

615600
, 

 

:ସ݌ ସݑ =
଼ݔ

420 +
ଵ଴ݔ
440 +

ଵଶݔ967
1126125 +

ଵସݔ54449
490490000 −

ଵ଺ݔ13517851
600359760000 −

ଵ଼ݔ193357883
1924903480500 0

−
ଶ଴ݔ991490807

898288290900000
+

ଶଶݔ537921061

8264252276280000
+

ଶସݔ933673

35895636000000

+
ଶ଺ݔ6931

3085559568000
+

ଶ଼ݔ

14996016000
, 

 
⋮ 

:଴݌ ଴ݒ = (0)ݒ = −1, 

ଵ݌ : ଵݒ = −
4ݔ3

10
, 

 

:ଶ݌ ଶݒ = −
4ݔ

5
−

6ݔ29

210
−
8ݔ

60
, 
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ଷ݌ ଷݒ: = −
଺ݔ

35
−

଼ݔ19

840
−

ଵ଴ݔ727

115500
−

ଵଶݔ41

163800
+

ଵସݔ1829

9261000
+

ଵ଺ݔ29

856800
+

ଵ଼ݔ

615600
, 

 

ସݒ:ସ݌ = −
଼ݔ

420 −
ଵ଴ݔ

440−
ଵଶݔ967

1126125 −
ଵସݔ54449

490490000 +
ଵ଺ݔ13517851

600359760000 +
ଵ଼ݔ193357883

19249034805000

+
ଶ଴ݔ991490807

898288290900000
−

ଶଶݔ537921061

8264252276280 000
−

ଶସݔ933673

35895636000000

−
ଶ଺ݔ6931

3085559568000 −
ଶ଼ݔ

14996016000, 
⋮ 

The solution of eq.(8) is given by (ݔ)ݑ = ∑ ݌௡ݑ
௡∞

௡ୀ଴  and (ݔ)ݒ = ∑ ݌௡ݒ
௡∞

௡ୀ଴  as ݌ → 1 i.e. 
 

(ݔ)ݑ = 1 + ଶݔ2 +
ସݔ

2
+
଺ݔ

6
+
଼ݔ

24
+

ଵ଴ݔ1979

231000
+

ଵଶݔ9991

9009000
−

ଵସݔ163621

1891890000

−
ଵ଺ݔ33838151

600359760000
−

ݔ449253241 ଵ଼

38498069610000
−

ଶ଴ݔ991490807

898288290900000

+
ଶଶݔ537921061

8264252276280000 +
ଶସݔ933673

35895636000000 +
ଶ଺ݔ6931

3085559568000

+
ଶ଼ݔ

14996016000
+ ⋯ 

 

(ݔ)ݒ = −1−
ସݔ

2 −
଺ݔ

6 −
଼ݔ

24 −
ଵ଴ݔ1979

231000 −
ଵଶݔ9991

9009000 +
ଵସݔ163621

1891890000 +
ଵ଺ݔ33838151

600359760000

+
ݔ449253241 ଵ଼

38498069610000
+

ଶ଴ݔ991490807

898288290900000
−

ଶଶݔ537921061

8264252276280000

−
ଶସݔ933673

35895636000000 −
ଶ଺ݔ6931

3085559568000 −
ଶ଼ݔ

14996016000 + ⋯ 

 
Table 2: Tabulated value of (ݔ)ݑ and (ݔ)ݒ  up to fourth order approximation using Acc. HPM 
ݔ݋ݎ݌݌ܣ ݔ . ݔ݋ݎ݌݌ܣ (ݔ)ݑ	ݐܿܽݔܧ (ݔ)ݑ . ݔܧ (ݔ)ݒ ݐܽܿ  (ݔ)ݒ	

0.1 1.020050167084191  1 .020050167084168  −1.0000501670841913−1.000050167084168
0.2 1.0808107742151 323  1.0808107741923882 −1.0008107742151322−1.0008107741923882
0.3 1.1841742849228 518  1.1841742837052105 −1.0041742849228519−1.0041742837052103
0.4 1.3335108900076 216  1.3335108709918102 −1.0135108900076213−1.0135108709918104
0.5 1.5340255579597 342  1.5340254166877414 −1.034025557959734 −1.0340254166877414
0.6 1.7933299711324 258  1.7933294145603402 −1.0733299711324258−1.07332941456034  
0.7 2.122316722729932  2.1223162199553793 −1.1423167227299316−1.142316219955379
0.8 2.536471656202916  2.5364808793049516 −1.256471656202916 −1.2564808793049516
0.9 3.0578279052253 325  3 .057907986676472  −1.4378279052253322−1.4379079866764717
1.0 3.7178539065719 143  3 .718281828459045  −1.7178539065719143−1.718281828459045
1.1 4.5616688320243 775  4.5634846525490245 −2.141668832024377 −2.1434846525490245
1.2 5.65405670119511  5 .660695816996554  −2.7740567011951094−2.7806958169965537
1.3 7.087707702550315  7.10948070513121  −3.707707702550313 −3.729480705131209
1.4 8.993730251235142  9 .059327065156635  −5.0737302512351405−5.139327065156635
1.5 11.553299541126 657  11.737735836358535 −7.053299541126653 −7.2377358363585325
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,  
Fig.3: Plot of computed value of (ݔ)ݑ and exact vaue of (ݔ)ݑ, when 0.1 ≤ ݔ ≤ 2 
 

   
Fig.4: Plot of computed value of (ݔ)ݒ and exact vaue of (ݔ)ݒ , when 0.1 ≤ ݔ ≤ 2 

 
Exam ple 3: Consider following nonlinear coupled Emden–Fowler equations 

ௗమ௨
ௗ௫మ + ଷ

௫ ቀ
ௗ௨
ௗ௫ቁ+ ݒݑ + ଶݔ) + ହݑ(4 = 1, 

݀ଶݒ
ଶݔ݀

+
4
ݔ
൬
ݒ݀
ݔ݀
൰ + ݒݑ − ଶݔ4) + ଷݑ(5 = 1 

With initial conditions (0)ݑ = ᇱ(0)ݑ ,1 = (0)ݒ ,0 = 1 and ݒᇱ(0) = 0.                (11) 
The exact solution is given as (ݔ)ݑ = ଵ

√ଵା௫మ
 and (ݔ)ݒ = √1 + ଶݔ  

On applying accelerated Homotopy perturbation technique on eq.(11), we get 

෍ݑ௡݌௡
ஶ

௡ୀ଴
= (0)ݑ + ݌ ൭න

1
ଷݏ

௫

଴
൭න ଷߦ

௦

଴
൭1 − ෍ܪ෩ଵ௡݌௡

ஶ

௡ୀ଴

൱ ݏ൱݀ߦ݀ 	൱ 

and  

෍ݒ௡ ௡݌
ஶ

௡ୀ଴
= ݒ (0) + ݌ ൭න

1
ସݏ

௫

଴
൭න ସߦ

௦

଴
൭1 − ෍ܪ෩ଶ௡݌௡

ஶ

௡ୀ଴

൱ ൱ߦ݀ ݏ݀ 	൱ 

(12) 

Where (ݔ)ݑ = ∑ ௡ஶ݌௡ݑ
௡ୀ଴ 	and (ݔ)ݒ = ∑ ௡ஶ݌௡ݒ

௡ୀ଴ , ∑ ௡ஶ݌ෙଵ௡ܪ
௡ୀ଴ = ݒݑ + ൫2ݔ + 4൯5ݑ and  

෍ܪ෩ଶ௡݌௡
ஶ

௡ୀ଴
= ݒݑ − ൫42ݔ + 5൯3ݑ  

0.5 1.0 1.5 2.0

10

20

30

40

Approx.u x
Exactu x

0.5 1.0 1.5 2.0

30

25

20

15

10

5

approx.v x
Exactv x



THINK INDIA JOURNAL  
ISSN:0971-1260 

Vol-22- Issue-12-Novem ber-2019 
 

P a g e  | 530 Copyright ⓒ 2019Authors 
 
 

A few components of accelerated He’s polynomial are given as 

෩ଵ଴ܪ = 0ݒ0ݑ + 0ݑ
5(4 +  (2ݔ

෩ଵଵܪ = 0ݑ5)
1ݑ4 + 0ݑ10

3 1ݑ
2

+ 0ݑ10
1ݑ2

3
+ 1ݑ

5 + 1ݑ5
4 4)(0ݑ + 2ݔ ) + 0ݒ)1ݑ + 1ݒ ) + 1ݒ0ݑ  

෩ଵଶܪ = 0ݑ5)
2ݑ4 + 1ݑ5

2ݑ4 + 1ݑ10
3 2ݑ

2 + 1ݑ10
2 2ݑ

3 + 0ݑ10
1ݑ2)2ݑ3 + (2ݑ

+ 0ݑ10
1ݑ3)2ݑ2

2 + 2ݑ1ݑ3 + 2ݑ
2) + 2ݑ

5 + 2ݑ5
1ݑ4 + 1ݑ20

2ݑ3 0ݑ + 2ݑ1ݑ20
3 + 2ݑ5

4

+ 1ݑ30+
2ݑ2

2)(4 + 2ݔ ) + 0ݒ)2ݑ 1ݒ+ + (2ݒ + 1ݑ) + 2ݒ(0ݑ  

⋮ 

෩ଶ଴ܪ = 0ݒ0ݑ− + 0ݑ
3(5 + 2ݔ4 ) 

෩ଶଵܪ = 0ݒ1ݑ− 0ݑ− 1ݒ − 1ݒ1ݑ + 0ݑ3)
2 1ݑ + 1ݑ0ݑ3

2 + 1ݑ
3)(5 +  (2ݔ4

෩ଵଶܪ = 0ݒ2ݑ− − 1ݒ2ݑ − 2ݒ1ݑ − 2ݑ 2ݒ − 2ݒ0ݑ + 0ݑ3)
2ݑ2 + 1ݑ3

2 2ݑ + 2ݑ1ݑ3
2 + 2ݑ

3 + 2ݑ1ݑ0ݑ6

+ 2ݑ3
2)(5 + 2ݔ4 ) 

⋮ 

(13) 

On equating the term containing equal power of ݌ on the both sides of the eq. (12) and using 
eq.(13), we get  

:଴݌ ଴ݑ = (0)ݑ = 1, 

ଵ݌ ଵݑ: = −
ଶݔ

2
−
ସݔ

24
, 

 

:ଶ݌ ଶݑ =
ସݔ5

12
−

଺ݔ365

2688
+

଼ݔ127

8960
+

ଵ଴ݔ97

15120
−

ଵଶݔ59

48384
−

ଵସݔ19

96768
+

ଵ଺ݔ5

221184
+

ଵ଼ݔ35

5971968

+
ଶ଴ݔ13

29196288
+

ଶଶݔ

65691648
+

ଶସݔ

4968677376
, 

 

ଷ݌ : ଷݑ = −
଺ݔ475

2688
+

଼ݔ1244179

5806080
−

ଵ଴ݔ37691503

239500800
+

ଵଶݔ299440093

3321077760
−

ଵସݔ2811931477

61024803840
+

ଵ଺ݔ97525159097

4645713346560
−

ଵ଼ݔ2393366801937773

291948240981196800

+
ଶ଴ݔ263281173101810453

99911175802454016000 −
ଶଶݔ303998358146492389

479573643851779276800

+
ଶସݔ67783083405649

925336900938498048
+

ଶ଺ݔ192959334478567786223

7998242036952001727692800

−
ଶ଼ݔ73984530664263148399

4101662583052308578304000 +
ଷ଴ݔ2696987519581106933257

464073823682489770573824000

−
ଷଶݔ5473721453560431097097

6200677616080424724017971200
+ ⋯ 

 
⋮ 
 

:଴݌ ଴ݒ = (0)ݒ = 1, 
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:ଵ݌ ଵݒ =
ଶݔ

2 +
ସݔ

7 , 

 

ଶ݌ ଶݒ: = −
ସݔ15

56
−

଺ݔ229

4536
+

଼ݔ871

29568
−

ଵ଴ݔ167

174720
−

ଵଶݔ

1536
−

ଵସݔ149

3290112
−

ଵ଺ݔ

1050624
, 

 
:ଷ݌ ଷݒ = ଵ଴ଶହ௫ల

ଽ଴଻ଶ
− ଵଶସଽଷଷ௫ఴ

ଷଵଽଷଷସସ
− ହହସଶସଵ଻௫భబ

ଵ଴ଷ଻଼ଷ଺଼଴଴
+ ଷ଴ଵହ଺ଶଶଵ௫భమ

ଷହହ ଶ଼ଽ଻଺଴଴
− ଵ଺ଷଷ ଷ଼଼଺ଽହଵଷ௫భర

ଷଷଵଽ଻ସଽଷଶ଼଼ ଽ଺଴
+ ଵ଴଻ଵସ ଽ଼ସ଴଺ଽ଺ଷ௫భల

ସ ଴଼ହ଻ଷଶଷ଺ଵ଼ ଷ଴ସ଴
−

଼ ଷ଼ଶଽଵ଴ହଵଽ଻଴଺଼ ଻௫భఴ

ଵଶଶ଺ଵ ଶ଼଺ଵଶଵଶଵ଴ଶ଺ହ଺଴
+ ଶ଺ଷହ଻ଵ଴ସ଴଴ଷଷ଺ଽହଵଵ௫మబ

ଵ଺଻ଵଶସଵସ ଺଼ଵହ଴ଵଷଽଽ଴ସ଴଴
− ହଵଶଶଽଷ଻଼ଵ଻଴ହଷ଺ଷଷ௫మమ

ଷଽଽ଺ସସ଻଴ଷଶ଴ଽ଼ଵ଺଴଺ସ଴଴଴
−

ଷ଴ସ଴଺଼ଶସହଽ଻ହ଺ଷଶ଴଻௫మర

ସ଻଴଼ହସଵଶଷ଴ହସସ଻ସଵଽଽ଴ସ଴଴+ ଵଶଶସଷ଻ଷସଷହ଻ସ଻଴ଶ଼଼ ଵ௫మల

ସଶଶ଺ସ଻଺ଶଽହ଴ଷ଺ହ଼ ଽ ଷ଼ସଶସ଴଴−
ଷଵଽ଺଺଻ଵ଴଻ଷଶଵ଻ଽଵ଴ଵ௫మఴ

ଽସ଺଴଺ ଴଼଴଺ହ଴଻଺଴଴ଽଷ଺ଽ଺଴଴଴−
ଵ଺଴ସଷଶହ଼ସ଻଻଺ହଵହ଻ଷ଻଻ଵ௫యబ

ଵ଻଴ଽଶ଴଴ସ଺଺଺ ଻଼଻ସଵଷସଶହଵହଶ଴଴଴଴
+ ଻ଽସ଻ଶ଴ସଶସଽହ଻଼଼ ଷ଴଻௫యమ

ଶହସସଶ଺ସଷ଼ ସଶଶସଵ଻଺ଷ଻ଷ଻଺଴଴଴଴
+ ⋯  

 
⋮ 

The solution of eq.(11) is given by (ݔ)ݑ = ∑ ݌௡ݑ
௡∞

௡ୀ଴  and (ݔ)ݒ = ∑ ݌௡ݒ
௡∞

௡ୀ଴  as ݌ → 1 i.e. 
 
(ݔ)ݑ = 1−

2ݔ

2
+

4ݔ3

8
−

6ݔ5

16
+

8ݔ265295

1161216
−

10ݔ36155023

239500800
+

42198619 12ݔ

474439680
−

2823913447 14ݔ

61024803840
+

97630178297 16ݔ

4645713346560
−

2391655776621773 18ݔ

291948240981196800 +
20ݔ263325659760026453

99911175802454016000 −
22ݔ303991057771810789

479573643851779276800 +
24ݔ67783269639697

925336900938498048 +
26ݔ192959334478567786223

7998242036952001727692800 −
28ݔ73984530664263148399

4101662583052308578304000 +
30ݔ2696987519581106933257

464073823682489770573824000 −
32ݔ5473721453560431097097

6200677616080424724017971200
− 34ݔ9716906353048407458053

80326960026496411197505536000
+ ⋯  

 
(ݔ)ݒ = 1 + 2ݔ

2
− 4ݔ

8
+ 6ݔ

16
− 8ݔ30865

3193344
− 10ݔ6534397

1037836800
+ 12ݔ27839621

3558297600
− 14ݔ164887291433

33197493288960
+ 16ݔ56370104737

25293328220160
−

18ݔ883291051970687

1226182612121026560
+

20ݔ26357104003369511

167124148615013990400
−

22ݔ5122937817053633

399644703209816064000
−

24ݔ30406824597563207

4708541230544741990400
+

26ݔ122437343574702881

42264762950365898342400
−

28ݔ31966710732179101

94606800650760093696000
−

30ݔ16043258477651573771

170920046668774134251520000
+

32ݔ79472042495788307

2544264384224176373760000 + ⋯   
 
Table 3: Tabulated value of (ݔ)ݑ and (ݔ)ݒ  up to third order approximation using Acc. HPM 
ݔ݋ݎ݌݌ܣ ݔ . ݔ݋ݎ݌݌ܣ (ݔ)ݑ	ݐܿܽݔܧ (ݔ)ݑ . ݔܧ (ݔ)ݒ ݐܽܿ  (ݔ)ݒ	

0.1 0.9950371897696 234  0.9950371902099893 1.00498756240272383 1.004987562112089  
0.2 0.9805805697640 929  0.9805806756909201 1.0198039746430532  1.019803902718552  
0.3 0.9578238307029 411  0.9578262852211513 1.04403239510344079 1.044030650891055  
0.4 0.9284552727851 157  0.9284766908852592 1.07704912431049383 1.0770329614269 014  
0.5 0.8943188819199 225  0.8944271909999159 1.11812179673751  1.118033988749895  
0.6 0.857107039828626  0.8574929257125443 1.1665292873255368  1.16619037896906  
0.7 0.8181540104297 477  0.8192319205190405 1.22168647842630356 1.2206555615733 703  
0.8 0.7783475995423 381  0.7808688094430303 1.2832570282500424  1.2806248474865 6986
0.9 0.7381350682977 187  0.7432941462471663 1.35124242497486312 1.3453624047073 7117
1.0 0.6975814470716 805  0.7071067811865475 1.42604463888643473 1.4142135623730 951  
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Fig.5: Plot of computed value of (ݔ)ݑ and exact vaue of (ݔ)ݑ, when 0.1 ≤ ݔ ≤ 1 
 
 
 
 
 

 ,  
Fig.6: Plot of computed value of (ݔ)ݒ and exact vaue of (ݔ)ݒ , when 0.1 ≤ ݔ ≤ 1 
 
5. Conclusion 
In this paper, we have applied accelerated  HPM for the series solution of Coupled Emden–
Fowler Equations. In these equations, the nonlinear term present in the coupled systems are 
handled with accelerated He’s polynomial. In table 1, table 2 and table 3, we have compared 
the approximate solution obtained from accelerated HPM  upto fourth and third order with the 
exact solution. We have used mathematica software 11.1 for plotting the graphs and to 
calculate the tabulated values. Fig. 1-6 represents the graph obtained from the computed value 
of (ݔ)ݑ and (ݔ)ݒ and the exact value of (ݔ)ݑ and (ݔ)ݒ  for different values of ݔ .  The 
solution obtained from the accelerated homotpoy perturbation technique is close to the exact 
solution. Hence, we conclude that the accelerated HPM technique is efficient and reliable 
technique for solving  nonlinear coupled system of equations. 
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